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1. Abstract
A pitch controller was developed for the unstable UAV model presented in the Fall 2021
MAE 480: Aircraft Stability and Controls class to ensure the pitch response of the UAV met the
requirements of an overshoot less than 10%, a rise time of less than 2 seconds, a settling time of
less than 10 seconds, and a steady state error of 2% in response to a unit step input. As the UAV
was only presented as a 3D model and had no published data on it, the stability derivates had to
be calculated by hand. The in-depth process of calculating these stability derivates was
undertaken and included the combined wing-body contributions. Once the mathematical model
was developed, the LQR equation was created by calculating full state feedback gains from the
solution of the Algebraic Ricatti Equation. A correction gain was then added to boost the input
signal, which the LQR controlled system to have an overshoot of 2.36%, a rise time of 0.07
seconds, a settling time of 0.16 seconds, and a steady state error of 0.00% in response to a unit
step input.

2. Introduction
Practically all commercial aircraft are designed to return to their initial state if they
experience a disturbance, that is to say they are design stable. While this makes sense for
commercial aircraft due to safety reasons, there are many different applications where an aircraft
can benefit from the additional maneuverability that being unstable can provide. The problem
with unstable aircraft, though, is that it is practically impossible for a human to fly them because
the shear amount of information that would need to be processed and the number small
adjustments that would need to be made in every second of the flight. The use of close loop
control systems can be used to make an aircraft flyable by performing the necessary calculations
and adjustments for the unstable aircraft to behave as a stable system. To this end, a pitch control
system will be design using a linear quadratic regulator for an unstable UAV presented the Fall
2021 MAE 480: Aircraft Stability and Controls course at UAH. The performance requirements
placed on the pitch response of the UAV using this controller can be seen in Table 2.1 below.
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Table 2.1: Pitch response performance requirements table.
#

1

2

3

4

Requirement
The system
response will have
an overshoot of
less than 10% for a
unit step input.
The rise time of the
system response
will be less than 2
seconds for a unit
step input.
The settling time of
system response
will be less than 10
seconds for a unit
step input.
The steady-state
error of the system
response to a unit
step input will be
2%.

Verification
Method

Success Criteria

Rationale

P/F

Analysis

Response does not
exceed steady state by
more than 1.1°.

Exceeding the desired
input by a large
amount could lead to
stall.

P

Analysis

The analysis will
display a rise time of <
2 seconds.

A speedy response is
better for the
customer.

P

Analysis

Settling time displayed
will be < 10 seconds.

If the system settles
quicker, it is better for
the customer.

P

Analysis

The steady-state error
calculated from the
response will be within
the requirement.

The final value of the
response should be
close to the
customer’s desired
value.

P

3. UAV Model Development
3.1 Background
3.1.1 Aircraft Geometry
The aircraft used for this project was a UAV which was used as the basis for two projects for
the Fall 2021 session of MAE 480: Aircraft Stability and Control at the University of Alabama at
Huntsville. A model of the UAV along with its detailed drawings and specifications can be seen
in Figure 3.1-Figure 3.4 below.

2

Figure 3.1: UAV isometric view with general aircraft information.

Figure 3.2: UAV side view with geometric information.

3

Figure 3.3: UAV top view with geometric information.

Figure 3.4: UAV horizontal and vertical tails with geometric information.

4

From Figure 3.1-Figure 3.3, several geometric and cruise condition values are found and can be
seen in Table 3.1.

Table 3.1: Table of the known geometric and cruise condition values found from Figure 3.1-Figure 3.3.

𝒄𝒇,𝒘
𝒄𝒕,𝒘
𝒃𝒘
𝒃𝒇,𝒘
𝒄𝒓,𝒕
𝒄𝒕,𝒕
𝒃𝒕
𝑽𝒔𝒔
𝑻𝒔𝒔
𝜹𝒆 𝒔𝒔

Wing Geometric Values
𝚲𝑳𝑬,𝒘
11 [in]
𝚲𝑻𝑬,𝒘
5.81 [in]
𝚽𝑻𝑬,𝒘
60 [in]
(𝒕⁄𝒄)𝒘
9 [in]
Horizontal Tail Geometric Values
𝚲𝑻𝑬,𝒕
10 [in]
𝚽𝑻𝑬,𝒕
4 [in]
(𝒕⁄𝒄)𝒕
25 [in]
Cruise Conditions
55.0 [ft/s]
𝒉𝒄𝒓𝒖𝒊𝒔𝒆
3.2 [lbf]
𝝆𝒄𝒓𝒖𝒊𝒔𝒆
-0.05 [rad]
-

11.5 [deg]
0 [deg]
15 [deg]
0.124
0 [deg]
15 [deg]
0.080
750 [ft]
0.002319 [slug/ft3]
-

Aircraft Properties
𝒘𝒂𝒄
𝒎𝒕𝒐𝒕𝒂𝒍
𝑰𝒙𝒙
𝑰𝒙𝒛
𝒃𝒇,𝒏𝒐𝒔𝒆

𝑰𝒚𝒚
17.0 [lbf]
5.4696 [slug]
𝑰𝒛𝒛
2
0.165 [slug*ft ]
𝑪𝑳𝟎
2
-0.016 [slug*ft ]
Fuselage Dimension Values
𝒍𝒇,𝒄𝒐𝒄𝒌𝒑𝒊𝒕
4.5 [in]

0.542 [slug*ft2]
0.615 [slug*ft2]
0.12
17 [in]

𝒃𝒇,𝒃𝒐𝒅𝒚

9 [in]

𝒍𝒇,𝒘𝒊𝒏𝒈 𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕

25 [in]

𝒃𝒇,𝒂𝒇𝒕

4 [in]

𝒍𝒇,𝒃𝒐𝒅𝒚

39.25 [in]

𝒍𝒇,𝒕𝒐𝒕𝒂𝒍

63.75 [in]

𝒙𝒄𝒈,𝒕𝒊𝒑

32.27 [in]

𝒍𝒇,𝒏𝒐𝒔𝒆

5 [in]

-

-

3.1.2 Development of Equations of Motion and Mathematical Model
The first step in developing the equations of motion and mathematical model of the UAV’s
flight dynamics was to create a free-body diagram of an aircraft under longitudinal motion. To
create this free-body diagram and to proceed with some of the later calculations, several
assumptions must be made to simplify the UAV’s equations of motion. The assumptions that
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will be used at different points in the development of the UAV’s equations of motion and
mathematical model can be seen below:
(1) The UAV only experiences motion in longitudinal plane.
(2) The longitudinal motion of the UAV can be decoupled from the lateral and directional
motion.
(3) The airfoils of the wings and horizontal tail of the aircraft are symmetric.
(4) The zero-lift line of the wings and horizontal tail of the aircraft are aligned with the
centerline of the fuselage.
(5) The thrust vector acts along the centerline of the aircraft fuselage.
(6) The thrust produced is constant.
(7) The aircraft only experiences small disturbances in motion.
(8) The aircraft is in steady, unaccelerated, level flight.
Now, using assumptions (1), (2), (3), (4), (5), and (6), the free-body diagrams of an aircraft
moving in the longitudinal plane can be created and can be seen in Figure 3.5-Figure 3.7.

Figure 3.5: Forces acting on an aircraft in longitudinal motion.
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Figure 3.6: Angles and distances associated with forces on an aircraft in longitudinal motion.

Figure 3.7: Moments of an aircraft in longitudinal motion.
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By treating the aircraft as a rigid body and applying Newton’s First Law of Motion and rigid
body kinematics to the free-body diagrams presented in Figure 3.5-Figure 3.7, we can find the
equations of motion of an aircraft in decoupled longitudinal motion as is shown in Eq. 3.1.1-Eq.
3.1.4 [1].

𝐹𝑥 = 𝑚(𝑈̇ + 𝑞𝑊)
𝐹𝑧 = 𝑚(𝑊̇ − 𝑞𝑈)
𝑀 = 𝑞̇ 𝐼𝑦𝑦
𝜃̇ = 𝑞

Eq. 3.1.1
Eq. 3.1.2
Eq. 3.1.3
Eq. 3.1.4

Now, using assumption (7), we can write the forces, velocities, and moments after a disturbance
as seen in Eq. 3.1.5-Eq. 3.1.10 below [2].

𝑈 = 𝑈0 + ΔU
𝑊 = 𝑊0 + ΔW
𝑞 = 𝑞0 + Δ𝑞
𝐹𝑥 = 𝐹𝑥0 + Δ𝐹𝑥
𝐹𝑧 = 𝐹𝑧0 + Δ𝐹𝑧
𝑀 = 𝑀0 + Δ𝑀

Eq. 3.1.5
Eq. 3.1.6
Eq. 3.1.7
Eq. 3.1.8
Eq. 3.1.9
Eq. 3.1.10

With assumption (8), several of the initial values seen in Eq. 3.1.5-Eq. 3.1.10 can be set to zero
as seen in Eq. 3.1.11-Eq. 3.1.15 below.

𝑈̇0 = 0
𝑊0 = 0
𝑞0 = 0
𝐹𝑥0 = 𝐹𝑧0 = 0
𝑀0 = 0

Eq. 3.1.11
Eq. 3.1.12
Eq. 3.1.13
Eq. 3.1.14
Eq. 3.1.15

Now, plugging Eq. 3.1.11-Eq. 3.1.15 into Eq. 3.1.5-Eq. 3.1.10 will yield the equations for the
velocities, forces, and moment felt by the aircraft with assumption (8) applied as seen in Eq.
3.1.16-Eq. 3.1.21 below [2].

𝑈 = 𝑈0 + ΔU
𝑊 = ΔW
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Eq. 3.1.16
Eq. 3.1.17

𝑞 = Δ𝑞
𝐹𝑥 = Δ𝐹𝑥
𝐹𝑧 = Δ𝐹𝑧
𝑀 = Δ𝑀

Eq. 3.1.18
Eq. 3.1.19
Eq. 3.1.20
Eq. 3.1.21

The equations of motion of the aircraft after a disturbance has been experience during steady,
unaccelerated, level flight can then be found by plugging Eq. 3.1.11-Eq. 3.1.21 into Eq. 3.1.1Eq. 3.1.4 as seen in Eq. 3.1.22-Eq. 3.1.25 below.

Δ𝐹𝑥 = 𝑚[Δ𝑈̇ + Δ𝑞ΔW]
Δ𝐹𝑧 = 𝑚[Δ𝑊̇ − Δ𝑞(𝑈0 + ΔU)]
Δ𝑀 = Δ𝑞̇ 𝐼𝑦𝑦
Δ𝜃̇ = Δ𝑞

Eq. 3.1.22
Eq. 3.1.23
Eq. 3.1.24
Eq. 3.1.25

Using assumption (7), we can see that Δ𝑞Δ𝑤 and Δ𝑞Δ𝑢 can be ignored because, since they are
two small disturbances multiplied by one another, their result will be negligible. Applying this to
Eq. 3.1.22-Eq. 3.1.25 causes the equations of motion for the aircraft to become Eq. 3.1.26-Eq.
3.1.29.

Δ𝐹𝑥 = 𝑚Δ𝑈̇
Δ𝐹𝑧 = 𝑚(Δ𝑊̇ − Δ𝑞𝑈0 )
Δ𝑀 = Δ𝑞̇ 𝐼𝑦𝑦
Δ𝜃̇ = Δ𝑞

Eq. 3.1.26
Eq. 3.1.27
Eq. 3.1.28
Eq. 3.1.29

Since the majority of data on aircraft is published in nondimensional coefficients, it becomes
necessary to define the different variables in Eq. 3.1.26-Eq. 3.1.29 as nondimensional
coefficients. The definition of these coefficients is given in Eq. 3.1.30-Eq. 3.1.34 below [2].

Δ𝑈
𝑈0
Δ𝑊
𝑤=
𝑈0
Δ𝐹𝑥
Δ𝐶𝑥 =
1 2
2 𝜌𝑈0 𝑆
𝑢=
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Eq. 3.1.30
Eq. 3.1.31
Eq. 3.1.32

Δ𝐶𝑧 =

Δ𝐹𝑧

1 2
2 𝜌𝑈0 𝑆
Δ𝑀
Δ𝐶𝑚 =
1 2
2 𝜌𝑈0 𝑆𝑐̅

Eq. 3.1.33
Eq. 3.1.34

Additionally, we note the relationships between the angle of attach and the velocities of the
aircraft given in Eq. 3.1.35 and Eq. 3.1.36 below [2].

tan 𝛼 ≅ Δ𝛼 =
Δ𝛼 ≅

𝑊
𝑈0

ΔW
=𝑤
U0

Eq. 3.1.35
Eq. 3.1.36

Apply Eq. 3.1.26-Eq. 3.1.29, Eq. 3.1.30, Eq. 3.1.31, and Eq. 3.1.36 to Eq. 3.1.32-Eq. 3.1.34
then yields the expanded force and moment nondimensional coefficients shown Eq. 3.1.37-Eq.
3.1.39 below [2].

𝑚𝑈0
𝑢̇
1 2
𝜌𝑈
𝑆
2 0
𝑚𝑈0
Δ𝐶𝑧 =
(Δ𝛼̇ + Δ𝑞)
1 2
𝜌𝑈
𝑆
2 0
𝐼𝑦𝑦
Δ𝐶𝑚 =
Δ𝑞̇
1 2
𝜌𝑈
𝑆𝑐̅
2 0
Δ𝐶𝑥 =

Eq. 3.1.37
Eq. 3.1.38
Eq. 3.1.39

With Eq. 3.1.37-Eq. 3.1.39, we have one side of the equations necessary to model the flight
dynamics of an aircraft. To obtain the other side of the equation, a Taylor series expansion must
be performed for Δ𝐶𝑥 , Δ𝐶𝑧 , and Δ𝐶𝑚 about the equilibrium level flight conditions to produce Eq.
3.1.40-Eq. 3.1.42 below [2].

𝜕𝐶𝑥
𝜕𝐶𝑥
𝜕𝐶𝑥
𝜕𝐶𝑥
𝜕𝐶𝑥
𝜕𝐶𝑥
𝑢+
Δ𝛼 +
Δ𝜃 +
Δ𝛼̇ +
Δ𝑞 +
Δ𝛿
𝜕𝑢
𝜕𝛼
𝜕𝜃
𝜕𝛼̇
𝜕𝑞
𝜕𝛿𝑒 𝑒
𝜕𝐶𝑧
𝜕𝐶𝑧
𝜕𝐶𝑧
𝜕𝐶𝑧
𝜕𝐶𝑧
𝜕𝐶𝑧
Δ𝐶𝑧 =
𝑢+
Δ𝛼 +
Δ𝜃 +
Δ𝛼̇ +
Δ𝑞 +
Δ𝛿
𝜕𝑢
𝜕𝛼
𝜕𝜃
𝜕𝛼̇
𝜕𝑞
𝜕𝛿𝑒 𝑒

Δ𝐶𝑥 =
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Eq. 3.1.40
Eq. 3.1.41

Δ𝐶𝑚 =

𝜕𝐶𝑚
𝜕𝐶𝑚
𝜕𝐶𝑚
𝜕𝐶𝑚
𝜕𝐶𝑚
𝜕𝐶𝑚
𝑢+
Δ𝛼 +
Δ𝜃 +
Δ𝛼̇ +
Δ𝑞 +
Δ𝛿
𝜕𝑢
𝜕𝛼
𝜕𝜃
𝜕𝛼̇
𝜕𝑞
𝜕𝛿𝑒 𝑒

Eq. 3.1.42

Using the customary shorthand notation for aircraft stability derivatives in aircraft stability and
controls literature, Eq. 3.1.40-Eq. 3.1.42 become Eq. 3.1.43-Eq. 3.1.45 [2].

Δ𝛼̇ 𝑐̅
Δ𝑞𝑐̅
) + 𝐶𝑥𝑞 (
) + 𝐶𝑥𝛿𝑒 Δ𝛿𝑒
Δ𝐶𝑥 = 𝐶𝑥𝑢 𝑢 + 𝐶𝑥𝛼 Δ𝛼 + 𝐶𝑥𝜃 Δ𝜃 + 𝐶𝑥𝛼̇ (
2𝑈0
2𝑈0
Δ𝛼̇ 𝑐̅
Δ𝑞𝑐̅
) + 𝐶𝑧𝑞 (
) + 𝐶𝑧𝛿𝑒 Δ𝛿𝑒
Δ𝐶𝑧 = 𝐶𝑧𝑢 𝑢 + 𝐶𝑧𝛼 Δ𝛼 + 𝐶𝑧𝜃 Δ𝜃 + 𝐶𝑧𝛼̇ (
2𝑈0
2𝑈0
Δ𝛼̇ 𝑐̅
Δ𝑞𝑐̅
) + 𝐶𝑚𝑞 (
) + 𝐶𝑚𝛿𝑒 Δ𝛿𝑒
Δ𝐶𝑚 = 𝐶𝑚𝑢 𝑢 + 𝐶𝑚𝛼 Δ𝛼 + 𝐶𝑚𝜃 Δ𝜃 + 𝐶𝑚𝛼̇ (
2𝑈0
2𝑈0

Eq. 3.1.43
Eq. 3.1.44
Eq. 3.1.45

Finally, setting Eq. 3.1.37-Eq. 3.1.39 equal to Eq. 3.1.43-Eq. 3.1.45 produces the longitudinal
equations of motion for small disturbances of an aircraft as seen in Eq. 3.1.46-Eq. 3.1.48.

𝑚𝑈0
Δ𝛼̇ 𝑐̅
Δ𝑞𝑐̅
) + 𝐶𝑥𝑞 (
) + 𝐶𝑥𝛿𝑒 Δ𝛿𝑒
𝑢̇ = 𝐶𝑥𝑢 𝑢 + 𝐶𝑥𝛼 Δ𝛼 + 𝐶𝑥𝜃 Δ𝜃 + 𝐶𝑥𝛼̇ (
1 2
2𝑈0
2𝑈0
𝜌𝑈
𝑆
2 0

𝑚𝑈0
Δ𝛼̇ 𝑐̅
Δ𝑞𝑐̅
(Δ𝛼̇ + Δ𝑞) = 𝐶𝑧𝑢 𝑢 + 𝐶𝑧𝛼 Δ𝛼 + 𝐶𝑧𝜃 Δ𝜃 + 𝐶𝑧𝛼̇ (
) + 𝐶𝑧𝑞 (
) + 𝐶𝑧𝛿𝑒 Δ𝛿𝑒
1 2
2𝑈
2𝑈
0
0
2 𝜌𝑈0 𝑆
𝐼𝑦𝑦
Δ𝛼̇ 𝑐̅
Δ𝑞𝑐̅
Δ𝑞̇ = 𝐶𝑚𝑢 𝑢 + 𝐶𝑚𝛼 Δ𝛼 + 𝐶𝑚𝜃 Δ𝜃 + 𝐶𝑚𝛼̇ (
) + 𝐶𝑚𝑞 (
) + 𝐶𝑚𝛿𝑒 Δ𝛿𝑒
1 2
2𝑈0
2𝑈0
𝜌𝑈0 𝑆𝑐̅
2

Eq. 3.1.46
Eq. 3.1.47
Eq. 3.1.48

To make the equations more concise, we define the coefficients seen in Eq. 3.1.49-Eq. 3.1.51
below [2].

𝑐̅
2𝑈0
2𝑚
𝑚1 =
𝜌𝑈0 𝑆
𝐼𝑦𝑦
𝐼𝑦1 =
1 2
2 𝜌𝑈0 𝑆𝑐̅
𝑐1 =

Eq. 3.1.49
Eq. 3.1.50
Eq. 3.1.51

Combining like terms in Eq. 3.1.46-Eq. 3.1.48 and applying the coefficients in Eq. 3.1.49-Eq.
3.1.51 produces Eq. 3.1.52-Eq. 3.1.54 below [2].
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(𝑚1

𝑑
𝑑
𝑑
− 𝐶𝑥𝑢 ) 𝑢 − (𝐶𝑥𝛼̇
+ 𝐶𝑥𝛼 ) Δ𝛼 − (𝐶𝑥𝑞 𝑐1 + 𝐶𝑥𝜃 ) Δ𝜃 = 𝐶𝑥𝛿𝑒 Δ𝛿𝑒
𝑑𝑡
𝑑𝑡
𝑑𝑡

Eq. 3.1.52

𝑑
𝑑
− 𝐶𝑧𝛼 ] Δ𝛼 − [(𝑚1 + 𝐶𝑧𝑞 𝑐1 ) + 𝐶𝑧𝜃 ] Δ𝜃 = 𝐶𝑧𝛿𝑒 Δ𝛿𝑒
𝑑𝑡
𝑑𝑡

Eq. 3.1.53

−𝐶𝑧𝑢 𝑢 + [(𝑚1 − 𝐶𝑧𝛼̇ 𝑐1 )

−𝐶𝑚𝑢 𝑢 − (𝐶𝑚𝛼̇ 𝑐1

𝑑
𝑑
𝑑
+ 𝐶𝑚𝛼 ) Δ𝛼 + (𝐼𝑦1 − 𝐶𝑚𝑞 𝑐1 ) Δ𝜃 = 𝐶𝑚𝛿𝑒 Δ𝛿𝑒
𝑑𝑡
𝑑𝑡
𝑑𝑡

Eq. 3.1.54

Before Eq. 3.1.52-Eq. 3.1.54 are solved to create a state space model, we define the coefficients
in Eq. 3.1.55 and Eq. 3.1.56 to help simply the final equations [2].

𝐶𝑥𝛼̇ 𝑐1
𝑚1 − 𝐶𝑧𝛼̇ 𝑐1
𝐶𝑚𝛼̇ 𝑐1
𝜉2 =
𝑚1 − 𝐶𝑧𝛼̇ 𝑐1
𝜉1 =

Eq. 3.1.55
Eq. 3.1.56

After solving Eq. 3.1.52-Eq. 3.1.54 for 𝑢̇ , Δ𝛼̇ , and Δ𝑞̇ and using Eq. 3.1.55 and Eq. 3.1.56 to
condense the equations, we get Eq. 3.1.57-Eq. 3.1.59.

𝑢̇ =

Δ𝛼̇ =
Δ𝑞̇ =

1
[(𝐶𝑥𝑢 + 𝜉1 𝐶𝑧𝑢 )𝑢 + (𝐶𝑥𝛼 + 𝜉1 𝐶𝑧𝛼 )Δ𝛼 + [𝐶𝑥𝑞 𝑐1 + 𝜉1 (𝑚1 + 𝐶𝑧𝑞 𝑐1 )]Δ𝑞
𝑚1
+ (𝐶𝑥𝜃 + 𝜉1 𝐶𝑧𝜃 )Δ𝜃 + (𝐶𝑥𝛿𝑒 + 𝜉1 𝐶𝑧𝛿𝑒 )Δ𝛿𝑒 ]

1
[𝐶 𝑢 + 𝐶𝑧𝛼 Δ𝛼 + (𝑚1 + 𝐶𝑧𝑞 𝑐1 )Δ𝑞 + 𝐶𝑧𝜃 Δ𝜃 + 𝐶𝑧𝛿𝑒 Δ𝛿𝑒 ]
𝑚1 − 𝐶𝑧𝛼̇ 𝑐1 𝑧𝑢

1
[(𝐶𝑚𝑢 + 𝜉2 𝐶𝑧𝑢 )𝑢 + (𝐶𝑚𝛼 + 𝜉2 𝐶𝑧𝛼 )Δ𝛼 + [𝐶𝑚𝑞 𝑐1 + 𝜉2 (𝑚1 + 𝐶𝑧𝑞 𝑐1 )]Δ𝑞 + 𝜉2 𝐶𝑥𝜃 Δ𝜃
𝐼𝑦1
+ (𝐶𝑚𝛿𝑒 + 𝜉2 𝐶𝑧𝛿𝑒 )Δ𝛿𝑒 ]

Eq. 3.1.57
Eq. 3.1.58
Eq. 3.1.59

With the equations describing the longitudinal flight dynamics of the aircraft given as they are in
Eq. 3.1.57-Eq. 3.1.59, the state space model shown in Eq. 3.1.60 and Eq. 3.1.61 below.

𝑎11
𝑢
𝑑 Δ𝛼
𝑎21
[ ] = [𝑎
Δ𝑞
31
𝑑𝑡
𝑎41
Δ𝜃

𝑎12
𝑎22
𝑎32
𝑎42

𝑎13
𝑎23
𝑎33
𝑎43

𝑎14 𝑢
𝑏1
𝑎24 Δ𝛼
𝑏2
𝑎34 ] [ Δ𝑞 ] + [𝑏3 ] Δ𝛿𝑒
𝑎44 Δ𝜃
𝑏4
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Eq. 3.1.60

1
0
𝑦=[
0
0

0
1
0
0

0
0
1
0

0 𝑢
0
Δ𝛼
0
0
] [ ] + [ ] Δ𝛿𝑒
0 Δ𝑞
0
Δ𝜃
1
0

Eq. 3.1.61

The elements of the A and B matrices in Eq. 3.1.60 can be found using Eq. 3.1.62-Eq. 3.1.81
below [2].

𝐶𝑥𝑢 + 𝜉1 𝐶𝑧𝑢
𝑚1
𝐶𝑥𝛼 + 𝜉1 𝐶𝑧𝛼
𝑎12 =
𝑚1
𝐶𝑥𝑞 𝑐1 + 𝜉1 (𝑚1 + 𝐶𝑧𝑞 𝑐1 )
=
𝑚1
𝐶𝑥𝜃 + 𝜉1 𝐶𝑧𝜃
𝑎44 =
𝑚1
𝐶𝑧𝑢
𝑎21 =
𝑚1 − 𝐶𝑧𝛼̇ 𝑐1
𝐶𝑧𝛼
𝑎22 =
𝑚1 − 𝐶𝑧𝛼̇ 𝑐1
𝑚1 + 𝐶𝑧𝑞 𝑐1
𝑎23 =
𝑚1 − 𝐶𝑧𝛼̇ 𝑐1
𝐶𝑧𝜃
𝑎24 =
𝑚1 − 𝐶𝑧𝛼̇ 𝑐1
𝐶𝑚𝑢 + 𝜉2 𝐶𝑧𝑢
𝑎31 =
𝐼𝑦1
𝐶𝑚𝛼 + 𝜉2 𝐶𝑧𝛼
𝑎32 =
𝐼𝑦1
𝑎11 =

𝑎13

𝑎33 =

𝐶𝑚𝑞 𝑐1 + 𝜉2 (𝑚1 + 𝐶𝑧𝑞 𝑐1 )
𝐼𝑦1
𝜉2 𝐶𝑧𝜃
𝑎34 =
𝐼𝑦1
𝑎41 = 0
𝑎42 = 0
𝑎43 = 1
𝑎44 = 0
𝐶𝑥𝛿𝑒 + 𝜉1 𝐶𝑧𝛿𝑒
𝑏1 =
𝑚1
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Eq. 3.1.62
Eq. 3.1.63
Eq. 3.1.64
Eq. 3.1.65
Eq. 3.1.66
Eq. 3.1.67
Eq. 3.1.68
Eq. 3.1.69
Eq. 3.1.70
Eq. 3.1.71
Eq. 3.1.72
Eq. 3.1.73
Eq. 3.1.74
Eq. 3.1.75
Eq. 3.1.76
Eq. 3.1.77
Eq. 3.1.78

𝐶𝑧𝛿𝑒
𝑚1 − 𝐶𝑧𝛼̇ 𝑐1
𝐶𝑚𝛿𝑒 + 𝜉2 𝐶𝑧𝛿𝑒
𝑏3 =
𝐼𝑦1
𝑏4 = 0
𝑏2 =

Eq. 3.1.79
Eq. 3.1.80
Eq. 3.1.81

The stability derivatives of the aircraft can then be found using equations of motion after a
disturbance has occurred in Eq. 3.1.22-Eq. 3.1.25 and the free body diagram of the aircraft
shown in Figure 3.5-Figure 3.7 and are shown in Eq. 3.1.82-Eq. 3.1.93 below [2].

𝐶𝑥𝑢 = −2𝐶𝐷 − 𝐶𝐷𝑢
𝐶𝑥𝜃 = −𝐶𝐿 cos(𝜃0 )
𝐶𝑧𝑢 = −2𝐶𝐿 − 𝐶𝐿𝑢
𝐶𝑧𝜃 = −𝐶𝐿 sin (𝜃0 )
𝐶𝑥𝛼 = 𝐶𝐿 − 𝐶𝐷𝛼
𝐶𝑧𝛼 = −𝐶𝐿𝛼 − 𝐶𝐷
𝐶𝑥𝛼̇ = −𝐶𝐷𝛼̇
𝐶𝑥𝑞 = −𝐶𝐷𝑞
𝐶𝑧𝛼̇ = 𝐶𝐿𝛼̇
𝐶𝑧𝑞 = −𝐶𝐿𝑞
𝐶𝑥𝛿𝑒 = −𝐶𝐷𝛿𝑒
𝐶𝑧𝛿𝑒 = −𝐶𝐿𝛿𝑒

Eq. 3.1.82
Eq. 3.1.83
Eq. 3.1.84
Eq. 3.1.85
Eq. 3.1.86
Eq. 3.1.87
Eq. 3.1.88
Eq. 3.1.89
Eq. 3.1.90
Eq. 3.1.91
Eq. 3.1.92
Eq. 3.1.93

3.2 Determination of UAV Stability Derivatives
3.2.1 Wing Geometry Calculations
Before the UAV’s stability derivatives can be calculated, some background work must be
done first. The first thing that needs to be done is the calculation of several geometric values of
the UAV’s wing and horizontal tail. The calculated geometric parameters for the UAV’s wing
are given in Table 3.2 below.
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Table 3.2: Calculated geometric parameters for the UAV’s wing.

Geometric
Parameter
𝑐𝑟,𝑤
𝜆𝑤
𝑆𝑤
𝐴𝑅𝑤

Calculated Value
11.9159 [in]
0.4876
531.7765 [in2]
6.7698

Geometric
Parameter
𝑐̅𝑤
𝑦𝑚𝑎𝑐,𝑤
Λ 𝑐⁄2,𝑤
Λ 𝑐⁄4,𝑤

Calculated Value
9.2135 [in]
13.2777 [in]
5.8063 [deg]
8.6747 [deg]

The first step in obtaining the values in Table 3.2 was to create a diagram of the UAV’s wing,
which is shown in Figure 3.8 below.

Figure 3.8: Diagram of the UAV’s wing with known geometries indicated.

Based on Figure 3.8, the values in Table 3.2 were calculated as seen in Eq. 3.2.1-Eq. 3.2.8
below.

𝑐𝑡,𝑤 − 𝑐𝑓,𝑤
𝑏𝑤
5.81 − 11
(0 − ) + 𝑐𝑡,𝑤 =
+ 5.81 = 11.9159 [𝑖𝑛]
2
30 − 4.5
𝑏𝑤 𝑏𝑓,𝑏𝑜𝑑𝑦
2 − 2
𝑐𝑡,𝑤
5.81
𝜆𝑤 =
=
= 0.4876
𝑐𝑟,𝑤 11.9159
𝑏𝑤
𝑆𝑤 = 𝑐𝑟,𝑤 ( ) (1 + 𝜆𝑤 ) = 11.9159(30)(1 + 0.4876) = 531.7765 [𝑖𝑛2 ]
2
𝑐𝑟,𝑤 =

2 1 + 𝜆𝑤 + 𝜆2𝑤
2 1 + 0.4876 + 0.48762
𝑐̅𝑤 = 𝑐𝑟,𝑤 ( ) (
) = 11.9159 ( ) (
) = 9.2135 [𝑖𝑛]
3
1 + 𝜆𝑤
3
1 + 0.4876

𝑦𝑚𝑎𝑐,𝑤 =

𝑏𝑤 1 + 2𝜆𝑤
60 1 + 2(0.4876)
(
)=
(
) = 13.2777 [𝑖𝑛]
6 1 + 𝜆𝑤
6
1 + 0.4876
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Eq. 3.2.1
Eq. 3.2.2
Eq. 3.2.3
Eq. 3.2.4
Eq. 3.2.5

𝐴𝑅𝑤 =

2𝑏𝑤
2(60)
=
= 6.7698
𝑐𝑟,𝑤 (1 + 𝜆𝑤 ) 11.9159(1 + 0.4876)

𝑐𝑟,𝑤 − 𝑐𝑡,𝑤
11.9159 − 5.81
) = atan (𝑡𝑎𝑛(11.5°) −
) = 5.8063°
𝑏𝑤
60
𝑐𝑟,𝑤 − 𝑐𝑡,𝑤
11.9159 − 5.81
= atan (𝑡𝑎𝑛 𝛬𝐿𝐸,𝑤 −
) = atan (𝑡𝑎𝑛(11.5°) −
) = 8.6747°
2𝑏𝑤
2 ∗ 60

Eq. 3.2.6

Λ 𝑐⁄2,𝑤 = atan (𝑡𝑎𝑛 𝛬𝐿𝐸,𝑤 −

Eq. 3.2.7

Λ 𝑐⁄4,𝑤

Eq. 3.2.8

3.2.2 Exposed Wing Geometry Calculation
Some of the calculations later on require the geometric parameters for what is called the
exposed wing. Unlike the traditional interpretation of wings in aerodynamics, the exposed wing
is not projected into the fuselage of the aircraft. This means that the exposed wing will have a
different geometry to the traditional interpretation of a wing and will therefore require all the
parameters shown in Table 3.2 to be calculated again and several of the known values of the
traditional wing shown in Table 3.1 will be redefined as exposed wing parameters. The
geometric parameters for the UAV’s exposed wing are shown in Table 3.3 below.

Table 3.3: Calculated geometric parameters for the UAV’s expose wing.

Geometric
Parameter
𝑐𝑟,𝑒
𝑐𝑡,𝑒
𝑏𝑒
(𝑡⁄𝑐)𝑒
𝜆𝑒
𝑆𝑒
𝐴𝑅𝑒

Calculated Value
11 [in]
5.81 [in]
51.00 [in]
0.124
0.5282
425.6550 [in2]
6.0678

Geometric
Parameter
Λ 𝐿𝐸,𝑒
Λ 𝑇𝐸,𝑒
Φ 𝑇𝐸,𝑒
𝑐̅𝑒
𝑦𝑚𝑎𝑐,𝑒
Λ 𝑐⁄2,𝑒
Λ 𝑐⁄4,𝑒

Calculated Value
11.5 [deg]
0 [deg]
15 [deg]
8.6721 [in]
11.4378 [in]
5.8063 [deg]
8.6747 [deg]

The geometry the parameters Table 3.3 are based on can be seen in Figure 3.9 below.
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Figure 3.9: Diagram of the UAV’s exposed wing with known geometries indicated.

Based on Figure 3.9, the values in Table 3.3 were calculated as seen in Eq. 3.2.9-Eq. 3.2.22
below.

𝑐𝑟,𝑒 = 𝑐𝑓,𝑤 = 11 [𝑖𝑛]
𝑐𝑡,𝑒 = 𝑐𝑡,𝑤 = 5.81 [𝑖𝑛]
𝑏𝑒 = 𝑏𝑤 − 𝑏𝑓,𝑏𝑜𝑑𝑦 = 60 − 9 = 51.00 [𝑖𝑛]
(𝑡⁄𝑐)𝑒 = (𝑡⁄𝑐 )𝑤 = 0.124
Λ 𝐿𝐸,𝑒 = Λ 𝐿𝐸,𝑤 = 11.5°
Λ 𝑇𝐸,𝑒 = Λ 𝑇𝐸,𝑤 = 0°
Φ 𝑇𝐸,𝑒 = Φ 𝑇𝐸,𝑤 = 15°
𝑐𝑡,𝑒 5.81
𝜆𝑤 =
=
= 0.5282
𝑐𝑟,𝑒
11

Eq. 3.2.9
Eq. 3.2.10
Eq. 3.2.11
Eq. 3.2.12
Eq. 3.2.13
Eq. 3.2.14
Eq. 3.2.15
Eq. 3.2.16

𝑏𝑒
𝑆𝑤 = 𝑐𝑟,𝑒 ( ) (1 + 𝜆𝑒 ) = 11(25.5)(1 + 0.5282) = 428.6550 [𝑖𝑛2 ]
2

Eq. 3.2.17

2 1 + 𝜆𝑒 + 𝜆2𝑒
2 1 + 0.5282 + 0.52822
𝑐̅𝑒 = 𝑐𝑟,𝑒 ( ) (
) = 11 ( ) (
) = 8.6721 [𝑖𝑛]
3
1 + 𝜆𝑒
3
1 + 0.5282

Eq. 3.2.18

𝑏𝑒 1 + 2𝜆𝑒
51 1 + 2(0.5282)
(
)=
(
) = 11.4378 [𝑖𝑛]
6 1 + 𝜆𝑒
6
1 + 0.5282
2𝑏𝑒
2(51)
𝐴𝑅𝑒 =
=
= 6.0678
𝑐𝑟,𝑒 (1 + 𝜆𝑒 ) 11(1 + 0.5282)
Λ 𝑐⁄2,𝑒 = Λ 𝑐⁄2,𝑤 = 5.8063°
Λ 𝑐⁄4,𝑒 = Λ 𝑐⁄4,𝑤 = 8.6747°

𝑦𝑚𝑎𝑐,𝑒 =

Eq. 3.2.19
Eq. 3.2.20
Eq. 3.2.21
Eq. 3.2.22

3.2.3 Horizontal Tail Geometry Calculations
Just like with the traditional wing and exposed wing, several geometric parameters will need
to be calculated for the horizontal tail. These values can be seen in Table 3.4 below.

17

Table 3.4: Calculated geometric parameters for the UAV’s horizontal tail.

Geometric
Parameter
𝜆𝑡
𝑆𝑡
𝐴𝑅𝑡
𝐴𝑅𝑤
𝑐̅𝑡

Calculated Value
{

Geometric
Parameter

Calculated Value

𝑦𝑚𝑎𝑐,𝑡

5.3744 [in]

Λ 𝐿𝐸,𝑡
Λ 𝑐⁄2,𝑤
Λ 𝑐⁄4,𝑤
-

35.2176 [deg]
19.4400 [deg]
27.8973 [deg]
-

0, 0 ≤ 𝑦 < 4
0.4, 4 ≤ 𝑦 ≤ 12.5
199 [in2]
3.1407
6.7698
8.4623[in]

The parameters displayed in Table 3.4 were calculated using the diagram of the UAV’s
horizontal tail shown in Figure 3.10.

Figure 3.10: Diagram of the UAV’s horizontal tail with known geometries indicated.

Unlike with the standard and exposed wing calculations, the simplified equations for many of the
geometric parameters cannot be used with the horizontal tail because of the section of constant
chord in the middle of the horizontal tail. The values that could easily be calculated were found
first and can be seen Eq. 3.1.23-Eq. 3.1.27 below.

1
𝑏𝑡
1
𝑆𝑡 = 𝑏𝑡 𝑐𝑟,𝑡 − 2 ( (𝑐𝑟,𝑡 − 𝑐𝑡,𝑡 ) ( − 𝑏𝑡,1 )) = 12(10) − 2 ( (10 − 4)(12.5 − 4)) = 199 [𝑖𝑛2 ]
2
2
2
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Eq. 3.2.23

𝑏𝑡2 (25.00)2
𝐴𝑅𝑡 =
=
= 3.1407
𝑆𝑡
199

Eq. 3.2.24

𝑐𝑟,𝑡 − 𝑐𝑡,𝑡
10 − 4
) = atan (
) = 35.2176°
Λ 𝐿𝐸,𝑡 = atan (
𝑏𝑡
12.5 − 4
−
𝑏
𝑡,1
2

Eq. 3.2.25

Λ 𝑐⁄2,𝑡 = atan (𝑡𝑎𝑛 𝛬𝐿𝐸,𝑡 − (

𝑐𝑟,𝑡 − 𝑐𝑡,𝑡
10 − 4
)) = atan (𝑡𝑎𝑛(35.2176°) −
) = 19.4400°
𝑏𝑡 − 2𝑏𝑡,1
25 − 8

𝑐𝑟,𝑡 − 𝑐𝑡,𝑡
10 − 4
Λ 𝑐⁄4,𝑡 = atan (𝑡𝑎𝑛 𝛬𝐿𝐸,𝑡 − (
)) = atan (𝑡𝑎𝑛(35.2176°) −
) = 27.8973°
2(𝑏𝑡 − 2𝑏𝑡,1 )
2(25 − 8)

Eq. 3.2.26
Eq. 3.2.27

To calculate the remainder of the geometric parameters, an equation for the aerodynamic chord
with respect to the spanwise position on the wing needed to be developed. This equation can be
seen as a piecewise function in Eq. 3.1.28 below.

10 ,0 ≤ 𝑦 < 𝑏1
10, 0 ≤ 𝑦 < 4
𝑐𝑡,𝑡 − 𝑐𝑟,𝑡
𝑏𝑡
𝑏𝑡
𝑐𝑡 (𝑦) = {
(𝑦 − ) + 𝑐𝑡,𝑡 , 𝑏𝑡,1 ≤ 𝑦 ≤ = {12.8235 − 0.7059𝑦 , 4 ≤ 𝑦 ≤ 12.5
𝑏𝑡
2
2
− 𝑏𝑡,1
2

Eq. 3.2.28

The mean aerodynamic chord and spanwise location of the mean aerodynamic chord could then
be calculated using their more complex integral based formulations as seen in Eq. 3.1.29 and Eq.
3.1.30.

4

12.5

2 12.5
2
𝑐̅𝑡 = ∫ 𝑐𝑡 (𝑦)2 𝑑𝑦 =
[∫ 100𝑑𝑦 + ∫ 164.4429 − 18.1042𝑦 + 0.4983𝑦 2 𝑑𝑦] = 8.4623 [𝑖𝑛]
𝑆𝑡 0
199
0

𝑦𝑚𝑎𝑐,𝑡 =

Eq. 3.2.29

4

4
12.5
2 12.5
2
∫ 𝑦𝑐𝑡 (𝑦)𝑑𝑦 =
[∫ 10𝑦𝑑𝑦 + ∫ 12.8235𝑦 − 0.7059𝑦 2 𝑑𝑦] = 5.3744 [𝑖𝑛]
𝑆𝑡 0
199 0
4

Eq. 3.2.30

Finally, since the spanwise chord function was a piecewise function, the taper ratio of the
horizontal tail must also be modeled as a piecewise function as seen in Eq. 3.1.31 below.

𝑐𝑡 (0)
,0 ≤ 𝑦 < 4
1,0 ≤ 𝑦 < 4
𝑐𝑡 (4)
𝜆𝑡 =
={
0.4,4 ≤ 𝑦 ≤ 12.5
𝑐𝑡 (4)
, 4 ≤ 𝑦 ≤ 12.5
{𝑐𝑡 (12.5)
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Eq. 3.2.31

3.2.4 UAV Fuselage Volume and Cross-Sectional Area Calculations
One of the things needed for several of the stability derivative calculations is the volume and
maximum cross-sectional area of the UAV fuselage. To perform these calculations, the UAV
was divided into the nose, cockpit, body, and back. The change in section occurs when the crosssectional area of the UAV fuselage begins to change based on Figure 3.2 and Figure 3.3. The
volume calculations for the separate fuselage sections and the final UAV volume were also based
on Figure 3.2 and Figure 3.3 and the thickness values in Table 3.1 and can be seen in Eq.
3.2.32-Eq. 3.2.36 below.

2

𝑉𝑛𝑜𝑠𝑒

𝑏𝑓,𝑛𝑜𝑠𝑒
= 𝜋(
) 𝑙𝑓,𝑛𝑜𝑠𝑒 = 79.5216 [𝑖𝑛3 ]
2

1
2
2
𝑉𝑐𝑜𝑐𝑘𝑝𝑖𝑡 = 𝜋(𝑏𝑓,𝑛𝑜𝑠𝑒
+ 𝑏𝑓,𝑛𝑜𝑠𝑒 𝑏𝑓,𝑏𝑜𝑑𝑦 + 𝑏𝑓,𝑏𝑜𝑑𝑦
)(𝑙𝑓,𝑐𝑜𝑐𝑘𝑝𝑖𝑡 − 𝑙𝑓,𝑛𝑜𝑠𝑒 ) = 1781.2830 [𝑖𝑛3 ]
3

Eq. 3.2.32
Eq. 3.2.33

2

𝑉𝑏𝑜𝑑𝑦

𝑏𝑓,𝑏𝑜𝑑𝑦
= 𝜋(
) (𝑙𝑓,𝑏𝑜𝑑𝑦 − 𝑙𝑓,𝑐𝑜𝑐𝑘𝑝𝑖𝑡 ) = 1415.4838 [𝑖𝑛3 ]
2

1
2
2
𝑉𝑏𝑎𝑐𝑘 = 𝜋(𝑏𝑓,𝑏𝑜𝑑𝑦
+ 𝑏𝑓,𝑏𝑜𝑑𝑦 𝑏𝑓,𝑏𝑎𝑐𝑘 + 𝑏𝑓,𝑏𝑎𝑐𝑘
)(𝑙𝑓,𝑡𝑜𝑡𝑎𝑙 − 𝑙𝑓,𝑏𝑜𝑑𝑦 ) = 3412.2932 [𝑖𝑛3 ]
2

𝑉𝑡𝑜𝑡𝑎𝑙 = 𝑉𝑛𝑜𝑠𝑒 + 𝑉𝑐𝑜𝑐𝑘𝑝𝑖𝑡 + 𝑉𝑏𝑜𝑑𝑦 + 𝑉𝑏𝑎𝑐𝑘 = 6688.5817 [𝑖𝑛3 ]

Eq. 3.2.34
Eq. 3.2.35
Eq. 3.2.36

The maximum cross-sectional area of the UAV fuselage was then calculated using the thickness
of the body section of the fuselage as seen in Eq. 3.2.37 below.

2

𝑆𝐵,𝑚𝑎𝑥

𝑏𝑓,𝑏𝑜𝑑𝑦
= 𝜋(
) = 63.6173 [𝑖𝑛2 ]
2

Eq. 3.2.37

3.2.5 Calculating 𝑪𝑳𝜶,𝒘
The lift curve slope of the wing is needed to calculate the lift curve slope of the entire UAV,
which is one of the stability derivatives needed to develop the mathematical model of UAV
′
flight dynamics. The first step in determining the lift curve slope of the wing is to find 𝜙𝑇𝐸,𝑤
,
which is the angle between straight lines passing through points at 90% and 99% of the chord on
′
the upper and lower surface of the airfoil. For our case, we will assume 𝜙𝑇𝐸,𝑤
to be the same as
𝜙𝑇𝐸,𝑤 . With this information, we perform the calculation seen in Eq. 3.2.38 below.

1 ′
1
1
) = tan ( 𝜙𝑇𝐸,𝑤 ) = tan ( ∗ 15°) = 0.1317
tan ( 𝜙𝑇𝐸,𝑤
2
2
2

20

Eq. 3.2.38

Using the value found in Eq. 3.2.38, the wing thickness ratio given in Table 3.1, and the graphs
in Appendix 1, the theoretical sectional lift-curve slope and empirical correction factor of the
UAV’s wing can be found as the value in

𝑎0
= 0.7582
(𝑎0 )𝑡ℎ𝑒𝑜𝑟𝑦
(𝑎0 )𝑡ℎ𝑒𝑜𝑟𝑦 = 6.9200 [𝑟𝑎𝑑 −1 ]

Eq. 3.2.39
Eq. 3.2.40

The next values that need to be calculated is the Mach number and the parameter 𝛽 of the UAV.
Since that mathematical model of the UAV was developed with the assumption that the UAV
was in steady, unaccelerated flight, the speed of sound at the UAV cruise altitude and the steady
state velocity of the UAV will be used to calculate the Mach number and 𝛽 as seen in Eq. 3.2.41
and Eq. 3.2.42.

𝑀=

𝑉𝑠𝑠
𝑎ℎ𝑐𝑟𝑢𝑖𝑠𝑒

=

55
= 0.0494
1113.5823

𝛽 = √1 − 𝑀2 = √1 − 0.04942 = 0.9988

Eq. 3.2.41
Eq. 3.2.42

The sectional lift curve slope of UAV’s wing can be found using Eq. 3.2.39, Eq. 3.2.40, and Eq.
3.2.42 as seen in Eq. 3.2.43.
𝑎0,𝑤 =

1.05
𝑎0
1.05
(0.7582)(6.9200) = 5.5159 [𝑟𝑎𝑑−1 ]
[
] (𝑎0 )𝑡ℎ𝑒𝑜𝑟𝑦 =
𝛽 (𝑎0 )𝑡ℎ𝑒𝑜𝑟𝑦
0.9988

Eq. 3.2.43

The lift curve slope of the wing can then be calculated using values from Table 3.1 and Table
3.2 and Eq. 3.2.42 and Eq. 3.2.43 as seen in Eq. 3.2.44 and Eq. 3.2.45 below.

𝑎0,𝑤 5.5159
=
= 0.8779
2𝜋
2𝜋
2𝜋𝐴𝑅𝑤
=
= 4.2552 [𝑟𝑎𝑑 −1 ]
tan2 Λ 𝑐⁄2,𝑤
𝐴𝑅 2 𝛽 2
)+4
2 + √ 𝑤2 (1 +
𝑘𝑤
𝛽2
𝑘𝑤 =

𝐶𝐿𝛼,𝑤

Eq. 3.2.44

Eq. 3.2.45

3.2.6 Calculating 𝑪𝑳𝜶,𝒕
As with the UAV’s wing, the lift curve slope of the horizontal tail must be calculated to find
′
the lift curve slope of the entire UAV. The first step was again to find 𝜙𝑇𝐸,𝑡
, which was assumed
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to be the same as 𝜙𝑇𝐸,𝑡 . The tangent was then found and used with Appendix 1 to find the
theoretical sectional lift curve slope and empirical correction factor of the horizontal tail, which
are all given in Eq. 3.2.46-Eq. 3.2.48 below.

1 ′
1
1
) = tan ( 𝜙𝑇𝐸,𝑡 ) = tan ( ∗ 15°) = 0.1317
tan ( 𝜙𝑇𝐸,𝑡
2
2
2
𝑎0
= 0.7582
(𝑎0 )𝑡ℎ𝑒𝑜𝑟𝑦
(𝑎0 )𝑡ℎ𝑒𝑜𝑟𝑦 = 6.7000 [𝑟𝑎𝑑 −1 ]

Eq. 3.2.46
Eq. 3.2.47
Eq. 3.2.48

Since the Mach number, and thus parameter 𝛽, stay the same for both the wing and tail, the
sectional lift curve slope of the horizontal tail can be found using Eq. 3.2.42, Eq. 3.2.47, and Eq.
3.2.48 as seen in Eq. 3.2.49.

𝑎0,𝑡 =

1.05
𝑎0
1.05
(0.7582)(6.6700) = 5.3405 [𝑟𝑎𝑑−1 ]
[
] (𝑎0 )𝑡ℎ𝑒𝑜𝑟𝑦 =
𝛽 (𝑎0 )𝑡ℎ𝑒𝑜𝑟𝑦
0.9988

Eq. 3.2.49

The lift curve slope of the horizontal tail can then be calculated using values from Table 3.1 and
Table 3.4 and Eq. 3.2.42 and Eq. 3.2.48 as seen in Eq. 3.2.50 and Eq. 3.2.51 below.

𝑎0,𝑡 5.3405
=
= 0.8500
2𝜋
2𝜋
2𝜋𝐴𝑅𝑡
=
= 4.2552 [𝑟𝑎𝑑 −1 ]
tan2 Λ 𝑐⁄2,𝑡
𝐴𝑅 2 𝛽 2
)+4
2 + √ 𝑡2 (1 +
𝛽2
𝑘𝑡
𝑘𝑡 =

𝐶𝐿𝛼,𝑡

Eq. 3.2.50

Eq. 3.2.51

3.2.7 Calculating 𝑪𝒎𝜶,𝒇
The final thing that needs to be calculated before the primary stability derivatives can be
found is the fuselage pitching moment coefficient. The standard version of the equations used to
perform these calculations require integration, but since breaking the aircraft into sections and
evaluating the integrals in a piecewise manner causes negligible error the calculations were
performed with a piecewise approach. The method in which the aircraft was section off can be
seen in Figure 3.11 below.

22

Figure 3.11: UAV fuselage broken into numbered sections.

To calculate the fuselage pitching moment coefficient, the upwash on the fuselage forward of the
UAV wing’s lead edge and the downwash on the fuselage aft of the UAV wing’s trailing edge
need to be found. The upwash can be found rather simply using Appendix 2 and Appendix 3,
but the downwash must be found using Eq. 3.2.52 below.

(1 +

𝜕𝜀𝑢
𝑥1
𝜕𝜀
) = (1 − )
𝜕𝛼
𝑙ℎ
𝜕𝛼

Eq. 3.2.52

For now, we will focus on the upwash values, and the calculations required to find them. To
evaluate the upwash, the center of gravity of Section 1, 2, and 3 must be known as well as the
thickness of the section at its center of gravity. Since the center of gravity and thickness
calculations for Sections 1 and 3 are trivial, focus will instead be placed on the calculations for
Section 2, which can be found as in Eq. 3.2.53 and Eq. 3.2.54.

Δ𝑥2 𝑏2 + 2𝑎2
12 9 + 2(4.50)
(
)=
(
) = 5.3333 [𝑖𝑛]
3 𝑏2 + 𝑎2
3
9 + 4.50
𝑏2 + 2𝑎2 (𝑏2 − 𝑎2 )
9 + 2(4.50)(9 − 4.5)
= 𝑏2 − 2 (
) = 9−2(
) = 7.0 [𝑖𝑛]
6(𝑏2 + 𝑎2 )
6(9 − 4.50)
𝑐𝑦2 =

𝑏𝑓2

Eq. 3.2.53
Eq. 3.2.54

A diagram of Section 2 with all the known geometries, the centroid location, and the width at the
centroid location can be seen in Figure 3.12 below.
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Figure 3.12: Fuselage Section 2 with known and calculated geometries.

With the geometric information of the centroid of Section 2 known, all that is left before the
upwash values for each section forward of the UAV’s wing can be calculated is explaining the
notation of several of the variables. To aid in this, a diagram was created and can be seen in
Figure 3.13 below. In Figure 3.13, we see that 𝑥̅1 is defined as the distance from the point the
wings meet the fuselage of the aircraft to the beginning of Section 3. Additionally, 𝑥1 is defined
as the distance from the point at which the wings meet the fuselage to the centroid of the sections
forward of Section 3, which means it will have a different value for both Section 1 and Section 2.
Finally, we find that 𝑐𝑟𝑒 is defined as the length of the section of fuselage that the wings are
connected to, which in this case would be the length of Section 4.

Figure 3.13: Upwash variable definition diagram.
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With the information gathered, the upwash value for Section 1, 2, and 3 can be found using
Appendix 2 and Appendix 3 and is summarized in Table 3.5 below.

Table 3.5: Upwash calculations for Sections 1, 2, and 3.

Section
1
2
3
4

𝚫𝒙 [𝒊𝒏]
5.00
12.00
8.00
11.00

𝒃𝒇 [𝒊𝒏]
4.50
7.00
9.00
9.00

𝒙𝟏 [𝒊𝒏]
22.5
13.33
8.00
-

𝒄𝒓𝒆 [𝒊𝒏]
11.00

𝒙𝟏 ⁄𝒄𝒓𝒆
2.0455
1.2121
0.7730
-

𝝏𝝐𝒖 ⁄𝝏𝜶
4.7020
8.4989
58.0048
-

With the upwash on the forward part of the calculated, the downwash on the sections aft of the
wing must now be found. As with the upwash values, the centroids and the with at the centroid
of each of Sections 5, 6, 7, and 8 must be found. Since the calculations for Section 5 are trivial,
only the calculations for Sections 6, 7, and 8 are given. Using the same approach as with Section
2, the values for Sections 6, 7, and 8 can be seen in Eq. 3.2.55-Eq. 3.2.60 starting with Section 8.

5.75 5.1735 + 2(4)
(
) = 2.7524 [𝑖𝑛]
3
5.1735 + 4
5.1735 + 2(4)(5.1734 − 4)
𝑏𝑓8 = 5.1735 − 2 (
) = 4.6118 [𝑖𝑛]
6(5.1735 + 4)
10 7.2143 + 2(5.1735)
𝑐𝑦7 =
(
) = 4.7254 [𝑖𝑛]
3
7.2143 + 5.1735
7.2143 + 2(5.1735)(7.2143 − 5.1735)
= 7.2143 − 2 (
) = 6.2499 [𝑖𝑛]
6(7.2143 + 5.1735)
8.75 9 + 2(7.2143)
𝑐𝑦6 =
(
) = 4.2144 [𝑖𝑛]
3
9 + 7.2143
9 + 2(7.2143)(9 − 7.2143)
𝑏𝑓6 = 9 − 2 (
) = 8.1399 [𝑖𝑛]
6(9 + 7.2143)
𝑐𝑦8 =

𝑏𝑓7

Eq. 3.2.55
Eq. 3.2.56
Eq. 3.2.57
Eq. 3.2.58
Eq. 3.2.59
Eq. 3.2.60

A diagram of Sections 6, 7, and 8 with all the known geometries, centroid locations, and section
widths at the centroid locations can be seen in Figure 3.14.
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Figure 3.14: Fuselage Sections 6, 7, and 8 with known and calculated geometries.

As with the upwash values, it will prove helpful to cover the definition of several variables
before any calculations are conducted. A diagram with variables relevant to the downwash
calculations can be seen in Figure 3.15 below. Unlike with the upwash calculations, for the
downwash calculations 𝑥1 is defined as the distance from the wing trailing edge to the centroid
of each section aft of it. Additionally, a new variable 𝑙ℎ has been defined as the distance from the
wing trailing edge to the horizontal tail’s aerodynamic center.
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Figure 3.15: Downwash variable definition diagram.

The value for 𝑙ℎ is unknown, but it is needed to calculate the downwash, so Figure 3.16 will be
used to help calculated it.

Figure 3.16: Diagram for calculating 𝒍𝒉 .
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Using the geometries in Figure 3.16, the value of 𝑙ℎ can be found as seen in Eq. 3.2.61.

1
𝑙ℎ = Δ𝑥5 + Δ𝑥6 + (Δ𝑥7 − 𝑐̅𝑡 ) + 𝑐̅𝑡 = 3.25 + 8.75 + (10 − 8.4623) + 2.1156 = 15.6533 [𝑖𝑛]
4

Eq. 3.2.61

The last thing needed to calculate the downwash values is now 𝑑𝜀 ⁄𝑑𝛼 , which measures the
change in downwash produced by the UAV’s produced by a change in angle of attack. This can
be found using the parameters of the UAV’s wings shown in Table 3.2 and Eq. 3.2.62-Eq.
3.2.65.

1
1
1
1
)−
=
−
= 0.1104
1.7
𝐴𝑅𝑤
1 + 𝐴𝑅𝑤
6.7698 1 + 6.76981.7
10 − 3(𝑡⁄𝑟)𝑤 10 − 3(0.4876)
𝐾𝜆 =
=
= 1.2196
7
7
ℎ
0.4091
1− 𝐻
1 − 60
𝑏𝑤
𝐾 =
=
= 0.5246

𝐾𝐴 = (

𝐻

1

1

2𝑙 3
( ℎ)
𝑏𝑤

2(15.6533) 3
(
)
60

𝑑𝜀 ⁄𝑑𝛼 = 4.44 (𝐾𝐴 𝐾𝜆 𝐾𝐻 (cos Λ 𝑐⁄4,𝑤 )

0.5 1.19

)

= 0.5246

Eq. 3.2.62
Eq. 3.2.63

Eq. 3.2.64

Eq. 3.2.65

The downwash on Section 5, 6, 7, and 8 can then be calculated using Eq. 3.2.52, Eq. 3.2.55-Eq.
3.2.60, Eq. 3.2.61, and Eq. 3.2.65 as seen in Table 3.6.

Table 3.6: Downwash calculations for Sections 5, 6, 7, and 8.

Section
5
6
7
8

𝚫𝒙 [𝒊𝒏]
3.25
8.75
10.00
5.75

𝒃𝒇 [𝒊𝒏]
9.00
8.1399
6.2499
4.6118

𝒙𝟏 [𝒊𝒏]
1.625
7.4644
16.725
24.752

𝒙𝟏 ⁄𝒍𝒉
0.1038
0.4769
1.0685
1.5813

𝟏 + (𝝏𝝐𝒖 ⁄𝝏𝜶)
0.04936
0.2267
0.5080
0.7518

𝝏𝝐𝒖 ⁄𝝏𝜶
-0.9506
-0.7733
-0.4920
-0.2482

The fuselage pitching moment can then be found using the upwash and downwash values in
Table 3.5 and Table 3.6 as seen in Eq. 3.2.66 below.

8

𝐶𝑚𝛼,𝑓

𝜋
𝜕𝜀𝑢
)] Δ𝑥 = 14.6591
=
∑ [𝑏𝑓2 (1 +
2𝑆𝑤 𝑐̅𝑤
𝜕𝛼 𝑛 𝑛
𝑛=1
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Eq. 3.2.66

3.2.8 Calculating Lift, Drag, and Moment Stability Derivatives
Now that all the information required has been calculated, the lift, drag, and moment stability
derivatives can be calculated. For all of the proceeding calculations, the UAV was assumed to be
in steady, unaccelerated flight at its steady state velocity and cruise altitude. This has been
broken up into several sections due to the number of stability derivatives that there are, and the
number of calculations required to find each one.

3.2.8.1 Calculating 𝑪𝑳𝒖 , 𝑪𝑫𝒖 , 𝑪𝒎𝒖 , 𝑪𝑳𝜶̇ , 𝑪𝑫𝜶̇ , and 𝑪𝑫𝒒
Several of the stability derivatives are either zeros or approximately zero for the purposes of
our calculations. These have been collected in this section for convenience’s sake. The first
collection of stability derivatives that are zero are the ones that relate the change in lift, drag, and
moment to a change in velocity. All three equal zero because, as shown in Eq. 3.2.41, the Mach
number the UAV at its steady state flight conditions is much less than 0.5, which cause the
velocity dependent stability derivatives to become negligible and equal zero as seen in Eq.
3.2.67 below.

𝐶𝐿𝑢 = 𝐶𝐷𝑢 = 𝐶𝑚𝑢 = 0 [𝑟𝑎𝑑−1 ]

Eq. 3.2.67

Finally, the variation in drag due to changes in pitch rate or the angular velocity of the angle of
attack are very small, so they can be considered negligible for our purposes, which yields Eq.
3.2.68 and Eq. 3.2.69 below.

𝐶𝐷𝛼̇ ≈ 0
𝐶𝐷𝑞 ≈ 0

Eq. 3.2.68
Eq. 3.2.69

3.2.8.2 Calculating 𝑪𝑳 and 𝑪𝑫
Since the UAV is assumed to be under steady state flight conditions, the lift and drag
coefficients of the aircraft are rather simple to calculate. This is because, in steady state flight,
the lift of the UAV is equal to the weight of the UAV and the drag is equal to the thrust.
Knowing this, the lift and drag coefficients of the UAV can be found using values in Table 3.1
and Table 3.2 as seen in Eq. 3.2.70 and Eq. 3.2.71.

𝐶𝐿 =

𝑤𝑎𝑐
1 2
2 𝜌𝑉𝑠𝑠 𝑆𝑤

=

17.0
1
(0.002319)(55.0)2 (531.7765)
2
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= 15.7499

Eq. 3.2.70

𝐶𝐷 =

𝑇𝑠𝑠
1 2
2 𝜌𝑉𝑠𝑠 𝑆𝑤

=

3.2
1
(0.002319)(55.0)2 (531.7765)
2

= 2.9647

Eq. 3.2.71

3.2.8.3 Calculating 𝑪𝑳𝜶
The first stability derivative we will actually calculate is the lift curve slope of the entire
aircraft. To do this, we will make two assumptions concerning the Reynolds number and the
airfoil thickness location parameter, which can be seen in Eq. 3.2.72 and Eq. 3.2.73 below.

𝑅𝑒 = 106
𝐿 = 2.0

Eq. 3.2.72
Eq. 3.2.73

The next step in calculating the lift curve slope of the aircraft is to find the sweep angle of the
wing at the maximum wing thickness, which can be found in Eq. 3.2.74 below.

Λ (𝑡⁄𝑐)𝑚𝑎𝑥 = atan (tan Λ 𝐿𝐸,𝑤 − 2 ∗ (𝑡⁄𝑐)𝑡 (

𝑐𝑟,𝑡 − 𝑐𝑡,𝑡
)) = 10.0540°
𝑏𝑡

Eq. 3.2.74

The parameter 𝑅𝐿𝑆 can then be found using Appendix 4 and the sweep angle of the wing at the
maximum wing thickness found in Eq. 3.2.74 and is shown in Eq. 3.2.75 below.

𝑅𝐿,𝑆 = 1.0700

Eq. 3.2.75

The turbulent flat plate skin-friction was then found using Appendix 5 and can be seen in Eq.
3.2.76 below.

𝐶𝑓,𝑤 = 0.0047

Eq. 3.2.76

The zero-lift drag coefficient of the wing can then be found using Eq. 3.2.77 below.

𝐶𝐷0,𝑤 = 𝐶𝑓,𝑤 [1 + 𝐿(𝑡⁄𝑐)𝑤 + 100(𝑡⁄𝑐)4𝑤 ]𝑅𝐿𝑆 (
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𝑆𝑤𝑒𝑡
) = 0.128
𝑆𝑤

Eq. 3.2.77

The zero-lift drag coefficient of the wing found in Eq. 3.2.77, the mean aerodynamic chord of
the wing listed in Table 3.2, and the distance from the wing trailing edge to aerodynamic center
of the horizontal tail in Eq. 3.2.61 can be used to find the dynamic pressure ratio at the
horizontal tail as shown in Eq. 3.2.78 below.

𝜂𝑡 = 1 −

2.41√𝐶𝐷0,𝑤
2.41√0.0128
= 1−
= 0.8632
15.6535
𝑙ℎ
(
) + 0.30
+
0.30
𝑐̅𝑤
9.2135

Eq. 3.2.78

The lift curve slope of the UAV can then be found using the lift curve slopes for the wing and
horizontal tail calculated in Eq. 3.2.45 and Eq. 3.2.51, the dynamic pressure ratio at the
horizontal tail found in Eq. 3.2.78, the change in downwash due to the change angle of attack
calculated in Eq. 3.2.65, and the wing and horizontal tail reference areas shown Table 3.2 and
Table 3.3 as seen in

𝑆𝑡
𝑑𝜀
𝐶𝐿𝛼 = 𝐶𝐿𝛼,𝑤 + 𝐶𝐿𝛼,𝑡 𝜂𝑡 ( ) (1 − ) = 4.7291 [𝑟𝑎𝑑 −1 ]
𝑆𝑤
𝑑𝛼

Eq. 3.2.79

3.2.8.4 Calculating 𝑪𝒎𝜶
The first step in finding the UAV pitching moment curve is finding the distance from the
horizontal tail aerodynamic center to the aircraft center of gravity normalized by the mean
aerodynamic chord. Instead of finding this value using published equations, it was found through
the use of geometries shown in Figure 3.3 and Figure 3.16 and can be seen in Eq. 3.2.80.

𝑙𝑡̅ =

𝑙ℎ + 3.73 15.6533 + 3.73
=
= 2.1038
𝑐̅𝑤
9.2135

Eq. 3.2.80

With 𝑙𝑡̅ calculated, the horizontal tail volume ratio can be found as seen in Eq. 3.2.81.

𝑉𝐻1 = 𝑙𝑡̅ (

𝑆𝑡
199
) = 2.1038 (
) = 0.7873
𝑆𝑤
531.7765

Eq. 3.2.81

Next, the distance from the distance from the leading edge of the wing on the mean aerodynamic
chord to the center of gravity of the aircraft normalized by the mean aerodynamic center was
calculated as seen in Eq. 3.2.82.
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𝑥̅𝑐𝑔 =

𝑐̅𝑤 − 3.73 9.2135 − 3.73
=
= 0.5952
𝑐̅𝑤
9.2135

Eq. 3.2.82

The distance from the mean aerodynamic center of the wing to the center of gravity as a fraction
of the mean aerodynamic center can be found as seen in Eq. 3.2.83.

𝑥̅ 𝑎 = 𝑥̅𝑐𝑔 − 0.25 = 0.3452

Eq. 3.2.83

The UAV pitching moment slope can then be found using the fuselage pitching moment slope
found in Eq. 3.2.66, the lift curve slopes of the wing and tail found in Eq. 3.2.45 and Eq. 3.2.51,
the change in downwash due to angle of attack in Eq. 3.2.65, the dynamic pressure ratio at the
horizontal tail in Eq. 3.2.78, the horizontal tail volume ratio in Eq. 3.2.81, and the distance from
the wing aerodynamic center to the center of gravity of the UAV as a fraction of the wing mean
aerodynamic chord in Eq. 3.2.83 as seen in Eq. 3.2.84.

𝐶𝑚𝛼 = 𝐶𝑚𝑓𝛼 + 𝐶𝐿𝛼,𝑤 𝑥̅𝑎 − 𝐶𝐿𝛼,𝑡 𝑉𝐻1 (1 −

𝑑𝜀
) 𝜂 = 15.1309 [𝑟𝑎𝑑 −1 ]
𝑑𝛼 𝑡

Eq. 3.2.84

3.2.8.5 Calculating 𝑪𝑫𝜶
The drag curve slope is a rather simple stability derivative to calculate compared to the other
ones. The first thing that must be calculated to find the drag curve slope is the parameter 𝜆1 ,
which is found as seen in Eq. 3.2.85 below.

𝜆1 =

𝐴𝑅𝑤 𝜆𝑤
= 3.3685
cos Λ 𝐿𝐸,𝑤

Eq. 3.2.85

With 𝜆1 found, the parameter 𝑅 can be found as seen in Eq. 3.2.86.

𝑅 = 0.0004𝜆13 − 0.0080𝜆12 + 0.0501𝜆1 + 0.8642 = 0.9575
The Oswald’s efficiency factor of the UAV’s wing can then be found in Eq. 3.2.87.
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Eq. 3.2.86

𝑒=

1.1𝐶𝐿𝛼
= 0.9576
𝑅𝐶𝐿𝛼 + (1 − 𝑅)𝜋𝐴𝑅𝑤

Eq. 3.2.87

The parameter 𝑘 can then be found as seen in Eq. 3.2.88.

𝑘=

1
= 0.0491
𝜋𝐴𝑅𝑤 𝑒

Eq. 3.2.88

The drag curve slope can then be found using the lift coefficient in Eq. 3.2.70, the lift curve
slope in Eq. 3.2.79, and the parameter 𝑘 in Eq. 3.2.88 as seen in Eq. 3.2.89 below.

𝐶𝐷𝛼 = 2𝑘𝐶𝐿 𝐶𝐿𝛼 = 7.3145 [𝑟𝑎𝑑 −1 ]

Eq. 3.2.89

3.2.8.6 Calculating 𝑪𝑳𝒒
The change in lift due to the change in pitch rate can normally be assumed to depend almost
entirely on the horizontal tail of said aircraft. However, since the UAV in question is an unstable
aircraft, small changes can mean large differences in how the model behaves. Due to this, instead
of simply equating the stability derivative 𝐶𝐿𝑞 to the 𝐶𝐿𝑞,𝑡 , wing-body effects will be taken into
account. The first thing that will be calculated, mainly due to the simplicity, is 𝐶𝐿𝑞,𝑡 , which can
be seen in Eq. 3.2.90 below.

𝐶𝐿𝑞,𝑡 = 2𝐶𝐿𝛼,𝑡 𝑉𝐻1 𝜂𝑡 = 4.1938 [𝑟𝑎𝑑 −1 ]

Eq. 3.2.90

With the tail contribution calculated, the wing-body contribution must now be calculated to find
𝐶𝐿𝑞 . The first step in determining the wing-body contribution, not just for 𝐶𝐿𝑞 but for all of the of
the wing-body contributions to stability derivatives, is to calculate the ratio of the wing lift in the
presence of the body and the body lift in the presence of the wing to wing-alone lift as seen in
Eq. 3.2.91 and Eq. 3.2.92 below.

2

𝐾𝑊(𝐵)

𝑏𝑓,𝑚𝑎𝑥
𝑏𝑓,𝑚𝑎𝑥
= 0.1714 (
) + 0.8326 (
) + 0.9974 = 1.1261
𝑏𝑤
𝑏𝑤

𝐾𝐵(𝑊)

𝑏𝑓,𝑚𝑎𝑥
𝑏𝑓,𝑚𝑎𝑥
= 0.7810 (
) + 1.1976 (
) + 0.0088 = 0.2060
𝑏𝑤
𝑏𝑤

Eq. 3.2.91

2

33

Eq. 3.2.92

Note that in Eq. 3.2.91 and Eq. 3.2.92 above, 𝑏𝑓,𝑚𝑎𝑥 is the maximum width of the fuselage.
Next, the distance from the exposed wing aerodynamic center to the UAV center of gravity
measured as positive aft from the center of gravity is found as seen in Eq. 3.2.93.

𝑥̅𝑒 = 0.25𝑐𝑟𝑒 + (𝑥𝑐𝑔,𝑡𝑖𝑝 − 𝑥𝑤𝑏,𝑡𝑖𝑝 ) = 0.25(11.00) + (32.2700 − 25.000) = 10.0200 [𝑖𝑛]

Eq. 3.2.93

Note that in Eq. 3.2.93 above, 𝑥𝑐𝑔,𝑡𝑖𝑝 is the distance from the tip of the UAV to the UAV center
of gravity and 𝑥𝑤𝑏,𝑡𝑖𝑝 is the distance from the tip of the UAV to the most forward wing-body
intersect. With 𝑥̅𝑒 determined, the parameter 𝜉 can be found as seen in Eq. 3.2.94 below.

𝜉=

𝑥̅𝑒
10.02
=
= 1.1554
𝑐̅𝑒 8.6721

Eq. 3.2.94

The change in lift due to pitch rate for the exposed wing can then be found as seen in Eq. 3.2.95.

𝐶𝐿𝑞,𝑒 = (0.5 + 2𝜉)𝐶𝐿𝛼,𝑒 = 11.6214 [𝑟𝑎𝑑 −1 ]

Eq. 3.2.95

The fineness ratio of the UAV fuselage was then calculated as seen in Eq. 3.2.96 below.

𝑙𝑓 ⁄𝑏𝑓,𝑚𝑎𝑥 =

𝑙𝑓,𝑡𝑜𝑡𝑎𝑙
= 7.0833
𝑏𝑓,𝑏𝑜𝑑𝑦

Eq. 3.2.96

Using the fineness ratio in Eq. 3.2.96 and Appendix 6, the UAV fuselage apparent mass
coefficient can be found and is seen in Eq. 3.2.97 below.

𝑘2 − 𝑘1 = 0.8900

Eq. 3.2.97

′
The lift curve slope of UAV fuselage and the parameter 𝐶𝐿𝛼,𝐵
can be calculated using Eq. 3.2.97,
Eq. 3.2.36, and Eq. 3.2.37 as seen in Eq. 3.2.98 and Eq. 3.2.99.

𝐶𝐿𝛼,𝐵 =

2(𝑘2 − 𝑘1 )𝑆𝐵,𝑚𝑎𝑥
2
3
𝑉𝑡𝑜𝑡𝑎𝑙

= 0.3190 [𝑟𝑎𝑑 −1 ]
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Eq. 3.2.98

′
𝐶𝐿𝛼,𝐵
= 𝐶𝐿𝛼,𝐵 (

2
3
𝑉𝑡𝑜𝑡𝑎𝑙

𝑆𝐵,𝑚𝑎𝑥

) = 1.7800 [𝑟𝑎𝑑 −1 ]

Eq. 3.2.99

The change in lift due to pitch rate for the UAV fuselage can then be found as shown in Eq.
3.2.100 below.

′
𝐶𝐿𝑞,𝐵 = 2𝐶𝐿𝛼,𝐵
(1 −

𝑥𝑐𝑔,𝑡𝑖𝑝
) = 1.7579 [𝑟𝑎𝑑−1 ]
𝑙𝑓,𝑡𝑜𝑡𝑎𝑙

Eq. 3.2.100

The change in lift due to pitch rate for the combined wing body can then be found using Eq.
3.2.91, Eq. 3.2.95, Eq. 3.2.92, Eq. 3.2.100, Eq. 3.2.37, and values found in Table 3.1, Table
3.2, Table 3.3 as shown in Eq. 3.2.101.

𝐶𝐿𝑞,𝑊𝐵 = (𝐾𝑊𝐵 + 𝐾𝐵𝑊 ) (

𝑙𝑓,𝑡𝑜𝑡𝑎𝑙
𝑆𝑒 𝑐̅𝑒
) 𝐶𝐿𝑞,𝑒 + 𝐶𝐿𝑞,𝐵 𝑆𝐵,𝑚𝑎𝑥 (
) = 13.2012 [𝑟𝑎𝑑−1 ]
𝑆𝑤 𝑐̅𝑤
𝑆𝑤 𝑐̅𝑤

Eq. 3.2.101

Finally, the change in lift due to pitch rate for the entire UAV can be found by adding the
contributions of the tail shown in Eq. 3.2.90 and the combined wing-body contribution shown in
Eq. 3.2.101 as seen in Eq. 3.2.102 below.

𝐶𝐿𝑞 = 𝐶𝐿𝑞,𝑡 + 𝐶𝐿𝑞,𝑊𝐵 = 17.3950 [𝑟𝑎𝑑 −1 ]

Eq. 3.2.102

3.2.8.7 Calculating 𝑪𝒎𝒒
As with 𝐶𝐿𝑞 , the calculations for the change in pitching moment due to pitch rate is usually
simplified to just the contribution due to the horizontal tail, but the wing-body contributions will
be considered for a more accurate mathematical model of the UAV flight dynamics for this
stability derivative too. The first step in find the change in pitching moment due to pitch rate is to
find the contributions due to the horizontal tail. This calculation can be accomplished using the
values in Eq. 3.2.51, Eq. 3.2.78, Eq. 3.2.80, and Eq. 3.2.81 as shown in Eq. 3.2.103.

𝐶𝑚𝑞,𝑡 = −2𝐶𝐿𝛼,𝑡 𝑉𝐻1 𝜂𝑡 𝑙𝑡̅ = −8.8229
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Eq. 3.2.103

The next step in determining the change in pitching moment due to pitch rate is to find the
exposed wing contribution. Several different parameters must be found before the exposed wing
contribution can be calculated for the change in pitching moment due to pitch rate, though. The
calculations of these variables using values in Table 3.3 and Eq. 3.2.41 can be seen in Eq.
3.2.104-Eq. 3.2.109.

𝐵 = √1 − 𝑀2 cos2 (Λ c,e ) = 0.9803 [𝑟𝑎𝑑]

Eq. 3.2.104

𝑐1 = 𝐴𝑅𝑒3 tan2 (Λ 𝑐 ,𝑒 ) = 0.0070 [𝑟𝑎𝑑]

Eq. 3.2.105

4

4

𝑐2 =

3
= 3.0604 [𝑟𝑎𝑑 −1 ]
𝐵

Eq. 3.2.106

𝑐3 = 𝐴𝑅𝑒 𝐵 + 6 cos (𝛬𝑐 ,𝑒 ) = 11.8794 [𝑟𝑎𝑑]

Eq. 3.2.107

𝑐4 = 𝐴𝑅𝑒 + 6 cos (𝛬𝑐 ,𝑒 ) = 11.9992 [𝑟𝑎𝑑]

Eq. 3.2.108

𝑐5 = 𝐴𝑅𝑒 + 3 cos (𝛬𝑐 ,𝑒 ) = 8.0449 [𝑟𝑎𝑑]

Eq. 3.2.109

4

4

4

The change in pitching moment due to pitch rate of the exposed wing at Mach 0.2 was then
calculated using values found in Eq. 3.2.104-Eq. 3.2.109, parameters from Table 3.3, the
parameter 𝜉 shown in Eq. 3.2.94, and the lift curve slope of the wing shown in Eq. 3.2.45 as can
be seen in Eq. 3.2.110 below.

𝐶𝑚𝑞,𝑒,𝑀=0.2 = −0.7𝐶𝐿𝛼,𝑤 cos (𝛬𝑐 ,𝑒 ) (
4

𝐴𝑅𝑒 (0.5𝜉 + 2𝜉 2 )
𝑐1
1
+
+ ) = −7.6343 [𝑟𝑎𝑑 −1 ]
𝑐5
24𝑐4 8

Eq. 3.2.110

The exposed wing contribution to the change in pitching moment due to pitch rate was then
calculated using Eq. 3.2.105-Eq. 3.2.109 and the change in pitching moment due to pitch rate of
the exposed wing at Mach 0.2 given in Eq. 3.2.110 as seen in Eq. 3.2.111.

𝐶𝑚𝑞,𝑒

𝑐1
𝑐3 + 𝑐2
= 𝐶𝑚𝑞,𝑒,𝑀=0.2 [ 𝑐
] = −7.7784 [𝑟𝑎𝑑 −1 ]
1
𝑐4 + 3
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Eq. 3.2.111

The first step in finding the body contribution to the change in pitching moment due to pitch rate
is to find a set of parameters that are used to simplify the equations, which can be seen in Eq.
3.2.112-Eq. 3.2.115 below.

𝑥𝑐 =

1
𝑉𝑡𝑜𝑡𝑎𝑙

𝑙𝑓,𝑡𝑜𝑡𝑎𝑙

∫
0

𝑥𝑐1 =

𝑆𝐵 (𝑥)𝑥𝑑𝑥 = 12.4695 [𝑖𝑛]
𝑥𝑐

= 0.1956
𝑙𝑓,𝑡𝑜𝑡𝑎𝑙
𝑥𝑐𝑔,𝑡𝑖𝑝
𝑥𝑚1 =
= 0.5062
𝑙𝑓,𝑡𝑜𝑡𝑎𝑙
𝑉𝑡𝑜𝑡𝑎𝑙
𝑉𝐵1 =
= 1.6492
𝑆𝐵,𝑚𝑎𝑥 𝑙𝑓,𝑡𝑜𝑡𝑎𝑙

Eq. 3.2.112
Eq. 3.2.113
Eq. 3.2.114
Eq. 3.2.115

The body contribution for the change in pitching moment due to the angle of attack was then
calculated as well as a value corrected with the parameter 𝑉𝐵1 as seen in Eq. 3.2.116 and Eq.
3.2.117 below.

𝐶𝑚𝛼,𝐵 = 2 (

𝑥0
𝑘2 − 𝑘1
𝑑𝑆𝐵 (𝑥)
(𝑥𝑚 − 𝑥)𝑑𝑥 = −0.0985 [𝑟𝑎𝑑 −1 ]
)∫
𝑉𝐵
𝑑𝑥
0
′
𝐶𝑚𝛼,𝐵 = 𝐶𝑚𝛼,𝐵 𝑉𝐵1 = −0.1624 [𝑟𝑎𝑑 −1 ]

Eq. 3.2.116
Eq. 3.2.117

The body contribution to the change in pitching moment due to pitch rate can then be found
using Eq. 3.2.117 and the parameters calculated in Eq. 3.2.113-Eq. 3.2.115 as seen in Eq.
3.2.118.

𝐶𝑚𝑞,𝐵 =

′
2𝐶𝑚𝛼,𝐵

(1 − 𝑥𝑚1 )2 − 𝑉𝐵1 (𝑥𝑐1 − 𝑥𝑚1 )
[
] = 0.2124 [𝑟𝑎𝑑 −1 ]
1 − 𝑥𝑚1 − 𝑉𝐵1

Eq. 3.2.118

The combined wing-body contribution to the change in pitching moment due to pitch rate can be
found using values from Table 3.1, Table 3.2, and Table 3.3 and calculated parameters from
Eq. 3.2.37, Eq. 3.2.91, Eq. 3.2.92, Eq. 3.2.111, and Eq. 3.2.118 as shown in Eq. 3.2.119 below.

2

𝐶𝑚𝑞,𝑊𝐵

𝑆𝑒 𝑐̅𝑒 2
𝑆𝐵,𝑚𝑎𝑥 𝑙𝑓,𝑡𝑜𝑡𝑎𝑙
= (𝐾𝑊𝐵 + 𝐾𝐵𝑊 ) ( ) ( ) 𝐶𝑚𝑞,𝑒 + 𝐶𝑚𝑞,𝐵 (
)(
) = −6.1824 [𝑟𝑎𝑑 −1 ]
𝑆𝑤 𝑐̅𝑤
𝑆𝑤
𝑐̅𝑤
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Eq. 3.2.119

The change in pitching moment due to the pitch rate for the entire UAV can then be found by
adding the horizontal tail contribution found in Eq. 3.2.103 and the combined wing-body
contribution found in Eq. 3.2.119 as shown in Eq. 3.2.120 below.

𝐶𝑚𝑞 = 𝐶𝑚𝑞,𝑡 + 𝐶𝑚𝑞,𝑊𝐵 = −15.0051 [𝑟𝑎𝑑 −1 ]

Eq. 3.2.120

3.2.8.8 Calculating 𝑪𝑳𝜶̇
The horizontal tail contributions to the change in lift due to the angular velocity of angle of
attack was calculated first using the horizontal tail lift curve slope in Eq. 3.2.51, the horizontal
tail volume ratio in Eq. 3.2.81, the dynamic pressure ratio at the horizontal tail in Eq. 3.2.78, and
the change in downwash due to the angle of attack in Eq. 3.2.65 and can be seen in Eq. 3.2.121
below.

𝐶𝐿𝛼̇,𝑡 = 2𝐶𝐿𝛼,𝑡 𝑉𝐻1 𝜂𝑡 (

𝑑𝜀
) = 2.1999 [𝑟𝑎𝑑]
𝑑𝛼

Eq. 3.2.121

To calculate the exposed wing contributions to the change in life due to the angular velocity of
angle of attack, the function 𝐶𝐿 (𝑔) was first calculated as seen in

𝜏 = 𝛽𝐴𝑅𝑒 = 6.0604

Eq. 3.2.122

𝜋𝐴𝑅𝑒
𝐶𝐿 (𝑔) = (−
) (0.0013𝜏 4 − 0.0122𝜏 3 + 0.0317𝜏 2 + 0.0186𝜏 − 0.0004) = −3.0069
2𝛽 2

Eq. 3.2.123

The exposed wing contribution and fuselage contribution to 𝐶𝐿𝛼̇ was then calculated as shown in
Eq. 3.2.124 and Eq. 3.2.125.

𝑥𝑎𝑐
𝐶𝐿𝛼̇,𝑒 = 1.5 ( ) 𝐶𝐿𝛼,𝑒 + 3𝐶𝐿 (𝑔) = 16.1250 [𝑟𝑎𝑑 −1 ]
𝑐𝑟 𝑒

Eq. 3.2.124

𝑉𝑡𝑜𝑡𝑎𝑙
′
𝐶𝐿𝛼̇,𝐵 = 2𝐶𝐿𝛼,𝐵
(
) = 5.8712 [𝑟𝑎𝑑 −1 ]
𝑆𝐵,𝑚𝑎𝑥 𝑙𝑓,𝑡𝑜𝑡𝑎𝑙

Eq. 3.2.125

The combined wing-body contribution to the change in lift due to the angular velocity of the
angle of attack was then found using Eq. 3.2.124, Eq. 3.2.125, Eq. 3.2.91, Eq. 3.2.92, and Eq.
3.2.37 and values in Table 3.1, Table 3.2, and Table 3.3 as seen in Eq. 3.2.126.
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𝐶𝐿𝛼̇,𝑊𝐵 = [𝐾𝑊𝐵 + 𝐾𝐵𝑊 ] (

𝑆𝐵,𝑚𝑎𝑥 𝑙𝑓,𝑡𝑜𝑡𝑎𝑙
𝑆𝑒 𝑐̅𝑒
) 𝐶𝐿𝛼̇,𝑒 + 𝐶𝐿𝛼̇,𝑊𝐵 (
) = 21.1579 [𝑟𝑎𝑑−1 ]
𝑆𝑤 𝑐̅𝑤
𝑆𝑤 𝑐̅𝑤

Eq. 3.2.126

The change in lift due to the angular velocity of the angle of attach for the entire UAV was then
found by adding the horizontal tail contribution in Eq. 3.2.121 and the combined wing-body
contribution in Eq. 3.2.126 as shown in Eq. 3.2.127 below.

𝐶𝐿𝛼̇ = 𝐶𝐿𝛼̇,𝑡 + 𝐶𝐿𝛼̇,𝑊𝐵 = 23.3578 [𝑟𝑎𝑑 −1 ]

Eq. 3.2.127

3.2.8.9 Calculating 𝑪𝒎𝜶̇
The next stability derivative that was calculated was the change in pitching moment due to
the angular velocity of angle of attack. As with many previous stability derivatives, the first thing
calculated was the horizontal tail contribution to the change in pitching moment due to the
angular velocity of angle of attack, which can be seen in Eq. 3.2.128 below.

𝐶𝑚𝛼̇,𝑡 = −2𝐶𝐿𝛼,𝑡 𝑉𝐻1 𝜂𝑡 (

𝑑𝜀
) 𝑙 ̅ = −4.6281 [𝑟𝑎𝑑 −1 ]
𝑑𝛼 𝑡

Eq. 3.2.128

With the horizontal tail contribution calculated, the next step was to calculate the combined
wing-body contribution. The first calculation for the exposed wing contribution involved finding
𝐶𝑚0 (𝑔), which was found using Eq. 3.2.122, Eq. 3.2.42, and values from Table 3.3 as seen in
Eq. 3.2.129 below.

𝐶𝑚0 (𝑔) =

𝜋𝐴𝑅𝑒
+ (0.0008𝜏 4 − 0.0075𝜏 3 + 0.0185𝜏 2 + 0.0128𝜏 − 0.0003) = 1.5910 [𝑟𝑎𝑑 −1 ]
2𝛽2

Eq. 3.2.129

The exposed wing contribution to 𝐶𝑚𝛼̇ was then calculated as seen in Eq. 3.2.130 and Eq.
3.2.131 below.
2

′′
𝐶𝑚𝛼
̇ ,𝑒

81
𝑥𝑎𝑐,𝑒
9
= − ( ) 𝐶𝐿𝛼,𝑒 (
) + ( ) 𝐶𝑚0 (𝑔) = 6.5245 [𝑟𝑎𝑑 −1 ]
32
𝑐𝑟,𝑒
2
𝑥𝑐𝑔,𝐿𝐸
′′
) 𝐶𝐿𝛼̇,𝑒 = 20.0425 [𝑟𝑎𝑑 −1 ]
𝐶𝑚𝛼̇,𝑒 = 𝐶𝑚𝛼
̇ ,𝑒 + (
𝑐̅𝑒

Eq. 3.2.130
Eq. 3.2.131

With the exposed wing contribution calculated, the last calculation before the combined wingbody contribution could be calculated was the body contribution, which can be seen in Eq.
3.2.132 below.
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′
𝐶𝑚𝛼̇,𝐵 = 2𝐶𝑚𝛼,𝐵
[

𝑥𝑐1 − 𝑥𝑚1
𝑉𝐵
](
) = −0.1440 [𝑟𝑎𝑑 −1 ]
1 − 𝑥𝑚1 − 𝑉𝐵1 𝑆𝐵,𝑚𝑎𝑥 𝑙𝑓,𝑡𝑜𝑡𝑎𝑙

Eq. 3.2.132

The combined wing-body contribution to 𝐶𝑚𝛼̇ was then calculated using values from Table 3.1,
Table 3.2, and Table 3.3 in conjunction with Eq. 3.2.37, Eq. 3.2.91, Eq. 3.2.92, Eq. 3.2.131,
and Eq. 3.2.132 as shown in Eq. 3.2.133 below.

2

𝐶𝑚𝛼̇,𝑊𝐵

𝑆𝑒 𝑐̅𝑒 2
𝑆𝐵,𝑚𝑎𝑥 𝑙𝑓,𝑡𝑜𝑡𝑎𝑙
= (𝐾𝑊𝐵 + 𝐾𝐵𝑊 ) ( ) ( ) 𝐶𝑚𝛼̇,𝑒 + 𝐶𝑚𝛼̇,𝐵 (
)(
) = 18.2422 [𝑟𝑎𝑑 −1 ]
𝑆𝑤 𝑐̅𝑤
𝑆𝑤
𝑐̅𝑤

Eq. 3.2.133

The value of 𝐶𝑚𝛼̇ for the entire UAV was then found by adding the horizontal tail contribution in
Eq. 3.2.128 and the combined wing-body contribution in Eq. 3.2.133 as shown in Eq. 3.2.134
below.

𝐶𝑚𝛼̇ = 𝐶𝑚𝛼̇,𝑡 + 𝐶𝑚𝛼̇,𝑊𝐵 = 13.6141 [𝑟𝑎𝑑 −1 ]

Eq. 3.2.134

3.2.8.10
Calculating 𝑪𝒎𝜹𝒆
The next stability derivative that will be calculated is called the elevator control power and is
a measure of the change in pitching moment due to elevator angle. As several of the values
needed to calculate the elevator control power are defined based on measurement of the
horizontal tail and its elevators a diagram of the horizontal tail with the relevant variable
definitions has been provided in Figure 3.17 below.
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Figure 3.17: Diagram of horizontal tail variable definitions.

The first step in finding the elevator control power is to calculate the distances 𝑦0 and 𝑦𝑖 shown
in Figure 3.17 as shown in Eq. 3.2.135 and Eq. 3.2.136 below.

𝑏𝑡
− 1.5 = 11 [𝑖𝑛]
2
𝑦𝑖 = 𝑦0 − 7 = 4 [𝑖𝑛]

𝑦0 =

Eq. 3.2.135
Eq. 3.2.136

A parameter 𝜂 was then calculated for each of the distances found in Eq. 3.2.135 and Eq.
3.2.136 as seen in

2𝑦0
= 0.8800
𝑏𝑡
2𝑦𝑖
𝜂𝑖 =
= 0.3200
𝑏𝑡

𝜂0 =

Eq. 3.2.137
Eq. 3.2.138

Using Appendix 7 and the 𝜂 parameters found in Eq. 3.2.137 and Eq. 3.2.138, two control
surface span factors were calculated and can be seen in

(𝐾𝑏 )𝜂=𝜂0 = 0.9445
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Eq. 3.2.139

(𝐾𝑏 )𝜂=𝜂𝑖 = 0.4196

Eq. 3.2.140

The control surface span factor for the elevator flaps was then calculated using Eq. 3.2.139 and
Eq. 3.2.140 as seen in Eq. 3.2.141.

𝐾𝑏 = (𝐾𝑏 )𝜂=𝜂0 − (𝐾𝑏 )𝜂=𝜂𝑖 = 0.5250

Eq. 3.2.141

The ratio of the elevator flap chord to the horizontal tail mean aerodynamic chord was then
found as seen in Eq. 3.2.142 below.

𝑐𝑓 ⁄𝑐𝑡 =

1.25
= 0.1477
𝑐̅𝑡

Eq. 3.2.142

Using Appendix 8 in conjunction with Eq. 3.2.142 and the aspect ratio of the UAV’s wing in
Table 3.2, the ratio of the three-dimensional control effectiveness parameter to the twodimensional control effectiveness parameter was found to be the value shown in

(𝛼𝛿 )𝐶𝐿
= 1.0994
(𝛼𝛿 )𝐶𝑙

Eq. 3.2.143

The theoretical lift effectiveness of plain trailing edge flaps and the empirical correction factor of
plain trailing edge flaps was found using Eq. 3.2.142 and the horizontal tail taper ratio given in
Table 3.1 and can be seen in Eq. 3.2.144 and Eq. 3.2.145 below.

(𝐶𝑙𝛿𝑒 )𝑡ℎ𝑒𝑜𝑟𝑦 = 3.0815 [𝑟𝑎𝑑 −1 ]
𝐶𝑙𝛿𝑒
(𝐶𝑙𝛿𝑒 )𝑡ℎ𝑒𝑜𝑟𝑦

= 0.5494

Eq. 3.2.144
Eq. 3.2.145

The lift effectiveness of plain trailing edge flaps was then calculated by multiplying the
theoretical value in Eq. 3.2.144 by the empirical correction in Eq. 3.2.145 as seen in Eq.
3.2.146.
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𝐶𝑙𝛿𝑒
) = 1.6931 [𝑟𝑎𝑑 −1 ]
𝐶𝑙𝛿𝑒 = (𝐶𝑙𝛿𝑒 )𝑡ℎ𝑒𝑜𝑟𝑦 (
(𝐶𝑙𝛿𝑒 )𝑡ℎ𝑒𝑜𝑟𝑦

Eq. 3.2.146

The elevator effectiveness was then calculated using the horizontal tail sectional lift curve slope
Eq. 3.2.49, the control surface span factor in Eq. 3.2.141, the ratio in Eq. 3.2.143, and the lift
effectiveness in Eq. 3.2.146 as shown in Eq. 3.2.147 below.

𝐶𝑙𝛿 (𝛼𝛿 )𝐶𝐿
𝜏 = ( 𝑒) [
] 𝐾 = 0.1830
𝑎0 (𝛼𝛿 )𝐶𝑙 𝑏

Eq. 3.2.147

The elevator control power was then calculated using horizontal tail lift curve slope in Eq.
3.2.51, the horizontal tail volume ratio in Eq. 3.2.81, the dynamic pressure ratio at the horizontal
tail in Eq. 3.2.78, and the elevator effectiveness in Eq. 3.2.147 as shown in Eq. 3.2.148 below.

𝐶𝑚𝛿𝑒 = −𝐶𝐿𝛼,𝑡 𝑉𝐻1 𝜂𝑡 𝜏 = −0.3837 [𝑟𝑎𝑑 −1 ]

Eq. 3.2.148

3.2.8.11
Calculating 𝑪𝑳𝜹𝒆
The first step in calculating the change in lift due to elevator deflection is to find the lift
curve slope of the nose of the UAV, which was found using the reference area of the UAV wing
in Table 3.2 and values in Eq. 3.2.37 and Eq. 3.2.97 as shown in Eq. 3.2.149 below.

𝐶𝐿𝛼,𝑁 =

2(𝑘2 − 𝑘1 )𝑆𝐵,𝑚𝑎𝑥
= 0.2129
𝑆𝑤

Eq. 3.2.149

The ratio of the nose lift to the exposed wing lift was then calculated and can be seen in Eq.
3.2.150 below.

𝐶𝐿𝛼,𝑁 𝑆𝑤
𝐾𝑁 = (
) ( ) = 0.0639
𝐶𝐿𝛼,𝑒 𝑆𝑒

Eq. 3.2.150

The combined wing-body lift curve slope was then calculated as can be seen in Eq. 3.2.151
below.
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𝑆𝑒
𝐶𝐿𝛼,𝑊𝐵 = [𝐾𝑁 + 𝐾𝑊𝐵 + 𝐾𝐵𝑊 ]𝐶𝐿𝛼𝑒 ( ) = 4.6526
𝑆𝑤

Eq. 3.2.151

The sticked fixed neutral point of the aircraft was found as can be seen in Eq. 3.2.152 and Eq.
3.2.153 below.

𝐶𝑚𝛼,𝑓
𝑑𝐶𝑚
) =
= 3.2592
𝑑𝐶𝐿 𝑓 𝐶𝐿𝛼,𝑊𝐵
𝑑𝐶𝑚
𝐶𝐿𝛼,𝑡
𝑑𝜀
) +
(1 − ) 𝑉𝐻1 𝜂𝑡 = −2.7749
𝑁0 = 𝑥̅𝑎𝑐 − (
𝑑𝐶𝐿 𝑓 𝐶𝐿𝛼,𝑤
𝑑𝛼
(

Eq. 3.2.152
Eq. 3.2.153

The change in lift due to elevator deflection can finally be found as seen in Eq. 3.2.154 below.

𝐶𝐿𝛿𝑒 = −

𝐶𝑚𝛿𝑒
= 0.1138 [𝑟𝑎𝑑 −1 ]
𝑥̅𝑐𝑔 − 𝑁0

Eq. 3.2.154

3.2.8.12
Calculating 𝑪𝑫𝜹𝒆
The last stability derivative that needs to be calculated is the change in drag due to elevator
deflection. This can be found through multiplying the change in drag due to angle of attack in
Eq. 3.2.89, the lift curve slope in Eq. 3.2.79, and the change in lift due to elevator deflection in
Eq. 3.2.154 as seen in Eq. 3.2.155 below.

𝐶𝐷,𝛿𝑒 =

𝑑𝐶𝐷 𝑑𝛼 𝑑𝐶𝐿
1
∗
∗
= 𝐶𝐷𝛼 ( ) (𝐶𝐿𝛿𝑒 ) = 0.1761 [𝑟𝑎𝑑 −1 ]
𝑑𝛼 𝑑𝐶𝐿 𝑑𝛿𝑒
𝐶𝐿𝛼

Eq. 3.2.155

3.2.9 Calculating Body Axis Stability Derivatives
Since the lift and drag on the UAV is measured on the inertial axis system, they must be
converted the body axis system to model the flight dynamics of the UAV. This was done by
creating body axis stability derivatives using Eq. 3.1.82-Eq. 3.1.93 as seen in Eq. 3.2.156-Eq.
3.2.167 below.

𝐶𝑥𝑢 = −2𝐶𝐷 − 𝐶𝐷𝑢 = −5.9294
𝐶𝑧𝑢 = −2𝐶𝐿 − 𝐶𝐿𝑢 = −31.4998
𝐶𝑥𝜃 = −𝐶𝐿 cos(𝜃0 ) = −15.7499
𝐶𝑧𝜃 = −𝐶𝐿 sin(𝜃0 ) = 0
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Eq. 3.2.156
Eq. 3.2.157
Eq. 3.2.158
Eq. 3.2.159

𝐶𝑥𝛼 = 𝐶𝐿 − 𝐶𝐷𝛼 = 8.4354
𝐶𝑧𝛼 = −𝐶𝐿𝛼 − 𝐶𝐷 = −7.6938
𝐶𝑥𝛼̇ = −𝐶𝐷𝛼̇ = 0
𝐶𝑧𝛼̇ = −𝐶𝐿𝛼̇ = −23.3579
𝐶𝑥𝑞 = −𝐶𝐷𝑞 = 0
𝐶𝑧𝑞 = −𝐶𝐿𝑞 = −17.3950
𝐶𝑥𝛿𝑒 = −𝐶𝐷𝛿𝑒 = −0.1761
𝐶𝑧𝛿𝑒 = −𝐶𝐿𝛿𝑒 = −0.1138

Eq. 3.2.160
Eq. 3.2.161
Eq. 3.2.162
Eq. 3.2.163
Eq. 3.2.164
Eq. 3.2.165
Eq. 3.2.166
Eq. 3.2.167

3.3 Creating State-Space Model of UAV Flight Dynamics
With all the stability derivatives calculated, the model of the UAV’s flight dynamics can now
be created. The state space model matrices shown in Eq. 3.3.1-Eq. 3.3.4 below was developed
using Eq. 3.1.62-Eq. 3.1.81 in conjunction with the stability derivatives shown in Eq. 3.2.67-Eq.
3.2.71, Eq. 3.2.79, Eq. 3.2.84, Eq. 3.2.89, Eq. 3.2.102, Eq. 3.2.120, Eq. 3.2.127, Eq. 3.2.134,
Eq. 3.2.148, Eq. 3.2.154, Eq. 3.2.155, and Eq. 3.2.156-Eq. 3.2.167.

−0.002553
−0.013562
𝐴=[
−0.023645
0

0.003632
0
−0.003312
0.999878
277.619460 −0.178367
0
1
−0.000078
−0.000051
𝐵=[
]
−7.039575
0
1 0 0 0
0 1 0 0
𝐶=[
]
0 0 1 0
0 0 0 1
0
0
𝐷=[ ]
0
0

−0.006781
0
]
0
0

Eq. 3.3.1

Eq. 3.3.2

Eq. 3.3.3

Eq. 3.3.4

3.4 Plant Response Simulation and Analysis
With the mathematical model of the UAV’s flight dynamics developed, simulations could
then be run to learn more about the UAV flight dynamics. These simulations were run using
MATLAB and Simulink, with the Simulink block diagram used for the analysis of the plant
shown in Figure 3.18 below.
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Figure 3.18: Simulink block diagram of uncontrolled UAV flight dynamics.

The pitch response of the UAV was simulated using MATLAB and can be seen in Figure 3.19
below.

Figure 3.19: Uncontrolled UAV pitch response.

From Figure 3.19, we see that over a period of 0.5 seconds the pitch of the UAV changes from
0° to about 50° in an exponentially increasing fashion, which means that the pitch response of
the UAV is unstable. Since the system is unstable, the performance parameters of the pitch
response were not calculated as they are essentially undefined for this type of response. The need
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for a controller here is obvious as a slight input change causes a drastic, exponentially increasing
response that would be almost impossible for a human to control.

4. Developing LQR Controller
4.1 Background
4.1.1 Full State Feedback Control
Full state feedback control is a method used to change the closed loop poles a state space
model through applying gains to each of the model’s states. By choosing a matrix of gains to
apply to the outputs of each of the model’s states in the feedback loop, it is possible to
specifically choose the close loop poles of the system.

4.1.2 Linear Quadratic Regulators
Linear quadratic regulation is a method of choosing the gains used in a full state feedback
controller using optimization. The way a linear quadratic regulator (LQR) determines the gains
that will be used is through finding the optimal solution to the cost function shown in Eq. 4.1.1,
where 𝑥 is the state vector, 𝑢 is the control vector, and 𝑄 and 𝑅 are weighting matrices used to
tailor how much a certain state or input affects the optimization process.

∞

𝐽 = ∫ [𝑥 𝑇 𝑄𝑥 + 𝑢𝑇 𝑅𝑢]𝑑𝑡

Eq. 4.1.1

0

It should be noted that in Eq. 4.1.1 above, 𝑄 is a positive semideterminate matrix (𝑄 ≻ 0) and 𝑅
is a determinate matrix (𝑅 ≻ 0). Thankfully, instead of having to solve Eq. 4.1.1, the Algebraic
Ricatti Equation was developed and allows for the algebraic determination of a set of possible
solution matrices. The Algebraic Ricatti Equations for a continuous system can be seen in Eq.
4.1.2, where 𝐴 is the state matrix of the system, 𝐵 is the input matrix of the system, and 𝑆 is the
matrix being solved for.

𝐴𝑆 + 𝑆𝐴 − 𝑆𝐵𝑅 −1 𝐵 𝑇 𝑆 + 𝑄 = 0

Eq. 4.1.2

Once a set of possible solutions has been developed by solving Eq. 4.1.2 for 𝑆, the full state
feedback gain matrix for each of the solutions can be calculated using Eq. 4.1.3.

𝐾 = 𝑅 −1 𝐵𝑇 𝑆
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Eq. 4.1.3

The final step in the process of find the full state feedback gains using a LQR controller is to
determine the close loop poles of the system using each of the calculated gains. The gains that
produce stable closed loop poles (i.e., the real part of all the poles is negative) are the ones that
should be used and correspond to the usable solutions to the Algebraic Ricatti Equation.

4.2 Determining Cost Function Inputs
The first step in developing the LQR controller for the UAV was to determine how the
different states and control signals were going to be weighted. Since we are only concerned with
the pitch response of the UAV, all the weight assigned to all the other states was zero and the
pitch state was given a weight of 30 so that it was heavily weighted. The state weighting matrix
can be seen in Eq. 4.2.1.

0
0
𝑄=[
0
0

0
0
0
0

0 0
0 0
]
0 0
0 30

Eq. 4.2.1

The control weighting matrix determines how much the LQR controller will skew the results
toward a large controller signal. A low weight indicates that the strength of the control signal is
not a concern, and a large weight indicates the strength of the control signal is a large limiting
factor. This usually ends up becoming a discussion on how much power you are willing to
provide to what you have acting at the control state. Since nothing is known about the internal
technology of the UAV, it was assumed that it had a strong servo motor and power was not an
issue, therefore the weight applied to the elevator deflection was very small to prioritize the
performance of the pitch response. The control weighting matrix used can be seen in Eq. 4.2.2.

𝑅 = [0.0001]

Eq. 4.2.2

4.3 Solving the Algebraic Riccati Equation
A MATLAB algorithm was used to solve the Algebraic Ricatti Equation as solving it by
hand would require a substantial amount of hand calculations. While it was known that
MATLAB already had a function to called lqr() that solved the Algebraic Ricatti Equation, it was
requested that the author develop their own code to perform these calculations. This section of
the report will describe how said code works and provide the full state feedback gains and
solution matrix that produced a stable closed loop response with the weighting functions
developed in Eq. 4.2.1 and Eq. 4.2.2. It should be noted, though, that the code developed by this
author is substantially slower at solving the Algebraic Ricatti Equation that lqr() function. This is
likely because it uses MATLAB symbolic toolbox to develop the solutions matrix and the solve()
function used to solve for all of the possible solution matrices takes a long time to run. The
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MATLAB function created to solve the Algebraic Ricatti Equation can be seen in Appendix 10.
The function starts by creating a symmetrical matrix of symbolic elements. It then proceeds to
solve the solve the left-hand side of the Algebraic Ricatti equation so that there is only one large
matrix of equations equal set equal to zero. Since all the equations in the equation matrix must
equal zero, the solve() function is used to find the symbolic element values that cause the
equations to equal zero. Gains required to produces for those solutions matrices are then
calculated and the close loop poles are determined. The function then outputs the gain matrix,
Algebraic Ricatti Equation solution matrix, and eigen values of the viable solutions, which can
be seen in Eq. 4.3.1-Eq. 4.3.3.

𝐾𝐹𝑆𝐹 = [19.4204 − 49.4548 − 7.8280 − 167.6233]
672.2539 −140.4397 −0.0092 140.2690
−140.4397 122.6539
0.0077 −122.5590
𝑆=[
]
−0.0092
0.0077
0.0011
0.0231
140.2690 −122.5590 0.0231
123.8602
−0.0041 + 0.0034𝑖
−0.0041 − 0.0034𝑖
𝐸=[
]
−27.6414 + 22.0555𝑖
−27.6414 − 22.0555𝑖

Eq. 4.3.1
Eq. 4.3.2

Eq. 4.3.3

4.4 Controller Response Simulation and Analysis
With the LQR controller developed, the last step was to simulate the pitch response of the
UAV. This was done using MATLAB and Simulink, with the Simulink block diagram used for
the simulations shown in Figure 4.1 below.

Figure 4.1: Simulink block diagram of the UAV flight dynamics with an LQR controller.
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The pitch response using the gains displayed in Eq. 4.1.1 was then plotted and can be seen in
Figure 4.3 below.

Figure 4.2: UAV pitch response using an LQR controller without steady state error correction.

It is easily seen from Figure 4.3 that the steady state error is not met, but looking at the legend
with the perfomance paramters all the other performance parameters have been met. To try and
fix the steady state error, a correction gain of -178.3567 was calculated using the steady state
value of the uncorrect system and the desired pitch and applied to the input singal. The pitch
response with the correction gain applied can be seen in Figure 4.3 below.
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Figure 4.3: UAV pitch response using LQR controller and steady state error correction.

As can be seen from Figure 4.3, the UAV pitch response with the LQR controller and correction
gain applied to it is both stable and meet the performance requirements outline in Table 2.1.

5. Results and Discussions
The difference between the uncontrolled pitch response in Figure 3.19 and the pitch response
with an LQR controller in Figure 4.3 are not hard to see. The most striking difference is that,
unlike the uncontrolled pitch response, the controlled response does not exponentially increase to
infinity. Additionally, while the performance parameters for the pitch could not be calculated for
the uncontrolled response because it was unstable, the performance parameters for the controlled
response could be calculated because it was a stable system. Since the performance parameters
of the controlled response met the requirements outlined in Table 2.1, it is considered a
completed controller.
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7. Appendix
Appendix 1: Sectional lift-curve slope of wings [2].
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Appendix 2: Upwash graph for aircraft section just forward of where the wing meets the fuselage [2].

Appendix 3: Upwash graph for sections forward of the section that ends at the wing-body intersect [2].
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Appendix 4: Graph for determining the parameter 𝑹𝑳𝑺 [2].
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Appendix 5: Graph for determining the turbulent flat plate skin-friction coefficient [2].

Appendix 6: Graph relating 𝒌𝟐 − 𝒌𝟏 to the fineness ratio of an aircraft fuselage.

56

Appendix 7: Span factor graph for horizontal tail flaps [2].
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Appendix 8: Flap chord factor graph [2].
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Appendix 9: Theoretical lift effectiveness and empirical correction of plain trailing-edge flaps [2].

59

Appendix 10: MATLAB function to solve the Algebraic Ricatti Equation.
function [K,S,E] = Thesis_LQR_Solver(A,B,Q,R)
%% Thesis_LQR_Solver: Linear Quadratic Regulator gain solver created for Honors
Thesis
% [K, S, E] = Thesis_LQR_Solver(A,B,Q,R)
%
% Inputs:
%
A = plant state matrix
%
B = plant control matrix
%
Q = state weight matrix for cost equation
%
R = control weight matrix for cost equation
%
% Outputs:
%
K = full state feedback gains
%
S = Algebraic Riccati Equation (ARE) solution matrix (stable result)
%
E = close loop eigen values using K feedback gains
%
% Created by: Marco A. Garcia
% Date Created: March 14 2022
% Date Last Editted: March 15 2022
% determining size of the state matrix
[m,n] = size(A);
% creating symbolic variables for the solution matrix of the ARE
S_sym = sym('s%d%d',[m n]);
% making S a symmetric matrix
S_sym = tril(S_sym.',0) + tril(S_sym.',-1).';
% solving the left hand side of the ARE
LHS = A.'*S_sym + S_sym*A - S_sym*B/R*B.'*S_sym + Q;
% setting all the symbolic equations in LHS equal to zero
for i = 1:m
for j = 1:n
LHS(i,j) = LHS(i,j)==0;
end
end
temp_struct = solve(LHS, unique(S_sym));
% creating a temporary struct variable that holds the solutions to the
% symbolic equatic equations in LHS
temp_double = struct2array(temp_struct);
temp_double = double(temp_double);
% determining how many ARE solutions matrices there are
[m,~] = size(temp_double);
% creating a counter to use as an index for multiple valid solutions
cnt = 1;
% finding the gains and eigen values of all the solutions to the ARE
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for i = 1:m
% places vector of ARE solution matrix elements into a lower triangluar
% matrix
S_possible = vect_2_lower_tri(temp_double(i,:));
% makes the lower triangluar matrix of ARE solution matrix elements
% symmetric
S_possible = tril(S_possible,0) + tril(S_possible,-1).';
% determining the full state feedback gains of the ARE solution
K_possible = R\B.'*S_possible;
% determining the close loop eigen values using the full state feedback
% gains corresponding to the current ARE solution
eigen_values = eig(A-B*K_possible);
% determining if a ARE soltuions produces stable close loop poles
if eigen_values(:) < 0
E(:,:,cnt) = eigen_values;% saves eigen values of valid solution
K(:,:,cnt) = K_possible; % saves full state feedback gains of valid solution
S(:,:,cnt) = S_possible; % saves ARE solution matrix for valid solution
cnt = cnt + 1; % increases index for a second valid soution
end
end

end
function tri = vect_2_lower_tri(vect)
%% vect_2_lower_tri: Turns a vector into a lower triangluar matrix
% tri = vect_2_lower_tri(vect)
%
% Input:
%
vect = vector of values to be put into a lower triangluar matrix. These
%
values should be organized by first, then by row. So a vector
%
with the follwing values [a11 a21 a23 a22 a32 a33] would be
%
turned into the following matrix: [a11 0 0; a21 a22 0; a31 a32 33]
%
% Ouput:
%
tri = lower triangluar matrix created from the input vector
%
% Created by: Marco A. Garcia
% Date Created: March 15 2022
% Date Last Editted: March 15 2022
% determining the number of vector elements
[~,n] = size(vect);
% determing the dimensions of the lower triangular matrix that will hold
% the vector elements
Sn = (-1+sqrt(1-4*(-2*n)))/2;
% pre-defining the triangular matrix as a matrix of zeros
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tri = zeros(Sn);
% setting the vector index subractor counter equal to zero
vect_cnt = 0;
% for loop for placing the elements in each column
for j = 0:Sn-1
% for loop for placing the row elements for each column
for i = 0:j
% placing the vector elements into a lower triangluar matrix going
% from the last element to the first element
tri(Sn-i,Sn-j) = vect(length(vect)-vect_cnt);
vect_cnt = vect_cnt + 1; % increasing the vector index subtractor counter
end
end
end

Appendix 11: MATLAB function used to calculate the change in downwash due to angle of attack for an
aircraft.
function deda = d_epsilon_d_alpha(AR, t_r, b, alpha_c_4, h_H, l_h)
%% deda = d_epsilon_d_alpha(AR, t_r, b, alpha_c_4, h_H, l_h)
% Returns the value for the change in downwash produced by an a/c's wings vs.
% the change in angle of attack (i.e. slope of downwash produced by wing vs. AoA).
%
% Inputs:
%
AR = aspect ratio of wing
%
t_r = taper ratio of wing
%
b = span of the wing
%
alpha_c_4 = wing quarter chord sweep
%
h_H = height of the horizontal tail MAC above/below the plane of wing
%
root chord, measured in the plane of symmetry and normal to the
%
extended wing root chord and positive for horizontal tail MAC above the
%
plane of the wing root chord.
%
l_h = distance between the wing MAC quarter chord point and the quarter chord
%
point of the MAC of the horizontal tail (measured parallel to the wing
%
root chord).
% Outputs:
%
deda = change in downwash produced by wings vs. change in AoA
% Wing aspect ratio factor
K_A = (1/AR) - 1/(1 + AR^1.7);
% Wing taper ratio facto
K_lam = (10 - 3*t_r)/7;
% Horizontal tail location factor
K_H = (1 - h_H/b)/(2*l_h/b)^(1/3);
% empirical formula for deda at subsonic speeds
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deda = 4.44*(K_A*K_lam*K_H*(cos(deg2rad(alpha_c_4))^0.5))^1.19;
end

Appendix 12: MATLAB function used to calculate the pitching moment slope for an aircraft fuselage.
function [d_Cmf_d_alpha, T] = d_Cmf_da_Calc(num_sects, delta_x, bf, l_h, CL_a_WB,
deda, S, c_bar)
%% [d_Cmf_d_alpha, T] = Cmf_Calc(num_sects, delta_x, bf, l_h, CL_a_WB, deda, S,
c_bar)
% This function calculates the moment coefficient for the fuselage of an
% a/c and returns the value along with an array of data used to calculate
% the moment coefficient.
%
% Inputs:
%
num_sects = number of sections your fuselage has been divided into
%
delta_x = vector with the lengths of each section of your fuselage
%
starting with section 1.
%
bf = vector with the width of each section of your fuselage starting
%
with section 1. *If a section is trapezoidal, the width of the
%
side closest to the nose of the a/c should be used if it is forward of the
%
wing and the width of the side closest to the end of the a/c
%
should be used if it is aft of the wing.
%
l_h = distance from trailing edge of wing to aerodynamic center of
%
horizontal tail.
%
CL_a_WB = lift-curve slope of the combined wing-body (if not given
%
assume 0.0785)
%
deda = change in downwash produced by wings vs. change in AoA
%
S = wing reference area
%
c_bar = mean aerodynamic chord
%
% Outputs:
%
d_Cmf_d_alpha = the change in the fuselage moment coefficient vs. the
%
change in AoA.
%
T = table of values used to calculate d_Cmf_d_alpha.
%
[Section numbers; delta_x; bf; x1; x1/c_re; x1/l_h;
%
1 + de_u/da; de_u/da; (de_u/da)_c]
%
% Author: Marco A. Garcia
% Created: 16 September 2021
% Editted: 18 September 2021
%% Creating data matrix
% defining matrix containing all information used while calculating Cmf
data_table = zeros(num_sects,9);
% filling out data_table for known values
data_table(:,1) = 1:num_sects;
data_table(:,2) = delta_x;
data_table(:,3) = bf;
%% Prompting user for required information
% prompt user for which section has the wing touching the fuselage
wing_section = input('What section is c_re? **Enter 4 for now** ');
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% prompt user for sections that are trapezoidal
trap_sections_list = input('What sections are trapezoidal? *Enter as a vector*
**Enter [2 6 7 8] for now** ');
%% Calculating values for Trapezoidal Sections
% centroid formula for trapezoid
cy_trap = @(h,d,a) (h/3)*((d + 2*a)/(d + a));
% formula for width trapezoid at centroid
bf_trap = @(h,d,a) d - 2*((d + 2*a)*(d - a)/(6*(d + a)));
% defining matrix to hold relevant values for trapezoidal sections
trap_sections = zeros(length(trap_sections_list),3);
trap_sections(:,1) = trap_sections_list;
% calculating cy and bf for each trapezoidal section
for i = 1:size(trap_sections,1)
% determining the height of the section
h = data_table(trap_sections(i,1),2);
% if the trapezoidal section is forward of the wing LE
if trap_sections(i,1) < data_table(wing_section,1)
% determining the base of the trapezoid
d = data_table(1 + trap_sections(i,1),3);
% determining the top of the trapezoid
a = data_table(trap_sections(i,1),3);
% if the trapezoidal section is aft of the wing TE
elseif trap_sections(i,1) > data_table(wing_section,1)
% determining the base of the trapezoid
d = data_table(trap_sections(i,1) - 1,3);
% determining the top of the trapezoid
a = data_table(trap_sections(i,1),3);
end
% finding the distrance from the base to the trapezoid centroid
trap_sections(i,2) = cy_trap(h,d,a);
% finding the width of the trapezoid at the centroid location
trap_sections(i,3) = bf_trap(h,d,a);
end
% assigns values for calculated for trapezoidal section into data_table array
for i = 1:size(trap_sections(:,1))
% replacing bf values in data_table with the corrected trapezoid bf values
data_table(trap_sections(i,1),3) = trap_sections(i,3);
% placing cg values into x1 values of data_table to use while finding x1 later
data_table(trap_sections(i,1),4) = trap_sections(i,2);
end
%% Calculating Values for x1
% determining the value of x1 for every a/c section
for i = 1:size(data_table(:,1))
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% if section is right before leading edge of wing
if i == wing_section - 1
% x1 is equal to delta_x for section (section length)
x_1 = data_table(i,2);
% if section is where the wing attaches to the fuselage
elseif i == wing_section
% x1 is zero
x_1 = 0;
% if section is right after trailing edge of wing
elseif i == wing_section + 1
% if it is a trapezoidal section
if ismember(i,trap_sections(:,1))
% x1 was already found and was equal the centroid height
x_1 = data_table(i,4);
% if it is not a trapezoidal section
else
% x1 is half the length
x_1 = data_table(i,2)/2;
end
% if the section is in the front of the a/c
elseif i < wing_section - 1
% if it is a trapezoidal section
if ismember(i,trap_sections(:,1))
% x1 is equal to the sum of all the sections after it plus the centroid
height
x_1 = sum(data_table(i+1,2):data_table(wing_section - 1,2)) +
data_table(i,4);
% if it not a trapezoidal section
else
% x1 is equal to the sum of all the sections after it plus half its
length
x_1 = sum(data_table((i+1):(wing_section-1),2)) + data_table(i,2)/2;
end
% if the section is in the rear of the a/c
elseif i > wing_section + 1
% if section is trapezoidal
if ismember(i,trap_sections(:,1))
% x1 is the sum of all the sections before it plus the height of its
centroid
x_1 = sum(data_table((wing_section+1):(i-1),2)) + data_table(i,4);
% if section is not trapezoidal
else
% x1 is the sum of all the sections before it plus half its length
x_1 = sum(data_table((wing_section+1):(i-1),2)) + data_table(i,2)/2;
end
end
% input x1 into data_table
data_table(i,4) = x_1;
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end
%% Upwash Calculations
% loop to calculate x1/c_re, d_eu/d_alpha, and d_eu/d_alpha corrected
for i = 1:size(data_table(1:wing_section-1,1))
x1_c_re = data_table(i,4)/data_table(wing_section,2);
% finding d_eu/d_alpha
% if section is right before leading edge of wing
if i == wing_section - 1
% d_eu/d_alpha is found using fig 3.9a
d_eu_d_alpha = fig3_9a(x1_c_re);
% else if section is not right before leading edge of wing
else
% d_eu/d_alpha is found using fig 3.9b
d_eu_d_alpha = fig3_9b(x1_c_re);
end
% correcting d_eu/d_alpha for different values of CL_a_WB than used in fig 3.9a
and fig 3.9b
d_eu_d_alpha_corrected = d_eu_d_alpha * CL_a_WB/0.0785;

% inputting calculated values into data_table
data_table(i,5) = x1_c_re;
data_table(i,8) = d_eu_d_alpha;
data_table(i,9) = d_eu_d_alpha_corrected;
end
%% Downwash Calculations
% finding x1/l_h for each section aft of the wing TE
data_table((wing_section + 1):end,6) = data_table((wing_section + 1):end,4)/l_h;
% Calculating 1 + de_u/d_a for each section aft of the wing TE
data_table((wing_section + 1):end,7) = data_table((wing_section + 1):end,6)*(1 deda);
% Calculating de_u/d_a for each section aft of the wing TE by subracting 1 from (1 +
de_u/d_a)
data_table((wing_section + 1):end,8) = data_table((wing_section + 1):end,7) - 1;
% No correction is needed for de_u/d_a in downwash, so this is the same as what was
calculated for the previous column in data_table
data_table((wing_section + 1):end,9) = data_table((wing_section + 1):end,8);
%% Calculating dCmf/da
% set d_Cmf_d_alpha equal to zero (must be defined as zero to use in summation loop)
d_Cmf_d_alpha = 0;
% performs the summation portion of Eq. 3.7 modified so to sum up discrete portions
of a a/c fuselage instead of integrating along its length
for i = 1:size(data_table(:,1))
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% set d_Cmf_d_alph equal to itself plus (bf^2)*(1+deu/da)*delta_x for section i
in the loop
d_Cmf_d_alpha = d_Cmf_d_alpha + (data_table(i,3)^2 * (1 +
data_table(i,9))*data_table(i,2));
end
% multiplies d_Cmf_d_alpha by pi/(2*S*c_bar) to get the final answer
d_Cmf_d_alpha = pi/(2*S*c_bar) * d_Cmf_d_alpha;
%% Creating Table of Calculated Variables
% creating table variable to display values calculated while finding d_Cmf_d_alpha in
a more obvious manner
T = array2table(data_table,'VariableNames',...
{'Section Numbers','delta_x','b_f','x_1','x_1/c_re','x_1/l_h','1 +
d_epsilon_u/d_alpha','d_epsilon_u/d_alpha','(d_epsilon_u/d_alpha)_c'});
end

Appendix 13: MATLAB Code used to create the UAV state space model.
%% HON401_Thesis_UAV_Model_Code
% This program was created to perform the calculations necessary to create
% a state space model of the unstable UAV used chosen for the thesis being
% written for HON401.
%% Known Values from A/C Diagram
% known wing geometric values
cf_w = 11; % wing chord at fuselage [in]
ct_w = 5.81; % wing tip chord [in]
b_w = 60; % wing span [in]
bf_w = 9; % distance from wing chord to fuselage exterior [in]
ALE_w = deg2rad(11.5); % wing leading edge angle [rad]
ATE_w = deg2rad(0); % wing trailing edge angle [rad]
PhiTE_w = deg2rad(15); % wing trailing edge angle [rad]
thickness_ratio_w = 0.124; % wing thickness ratio [in/in]
tc_w = 0.124; % wing thickness ratio [in/in]
% known tail geometric values
cr_t = 10; % horizontal tail root chord [in]
ct_t = 4; % horizontal tail tip chord [in]
b_t = 25; % horizontal tail span [in]
ATE_t = deg2rad(0); % horizontal tail tailing edge sweep angle [rad]
PhiTE_t = deg2rad(15); % horizontal tail trailing edge angle [rad]
thickness_ratio_t = 0.080; % horizontal tail thickness ratio [in/in]
tc_t = 0.080; % tail thickness ratio [in/in]
% Cruise Conditions and Aircraft Properties
V_ss = 55.0*12; % steady state velocity [ft/s --> in/s]
T_ss = 3.2; % stead state thrust [lbf]
delta_e_ss = -0.05; % steady state elevator deflection [rad]
h_cruise = 750; % cruise altitude [ft]
Ixx = 0.165; % moment of inertia about x-axis [slug*ft^2 --> slug*in^2]
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Ixz = -0.016*(12^2); % moment of inertia about x- and z-axis [slug*ft^2 -->
slug*in^2]
Iyy = 0.542*(12^2); % moment of inertia about y-axis [slug*ft^2 --> slug*in^2]
Izz = 0.615*(12^2); % moment of inertia about z-axis [slug*ft^2 --> slug*in^2]
CL0 = 0.12; % aircraft lift coefficient at AoA of zero
W = 17.0; % aircraft total weight [lbf]
m = W*32.174; % mass of the aircraft [slug]
rho = (((0-750)/(5000-750))*(23.77-20.48)+23.77)*10^-4 /(12^3); % air density at
cruise altitude [slug/ft^3 --> slug/in^3]
theta_0 = deg2rad(0); %aircraft pitch angle [rad]
AoA = deg2rad(0); % angle of attack [rad]
% Fuselage Dimension Values
bf_nose = 4.5; % width of the aircraft nose [in]
bf_cockpit_lower = bf_nose; % smallest width of aircraft cockpit [in]
bf_cockpit_upper = 9; % largest width of aircraft cockpit [in]
bf_body = 9; % width of the aircraft body [in]
bf_back_upper = bf_body; % largest width of aircraft back [in]
bf_back_lower = 4; % smallest width of aircraft back [in]
lf_total = 63.75; % total length of fuselage [in]
lf_nose = 5; % length from tip of aricraft to back of nose [in]
lf_wing_body_intersect = 25; % length from tip of aircraft to wing-body intersect
[in]
lf_cockpit = 17; % length from tip of aircraft to back of cockpit [in]
lf_body = 39.25; % length from tip of aricraft to back of body [in]
xcg_tip = 32.27; % location of center of gravity measured from a/c tip [in]
%% Wing Geometry Calculations
% calculating the wing root chord
cr_w = ((ct_w - cf_w)/((b_w/2) - (bf_w/2)))*(0 - (b_w/2)) + ct_w; % [in]
% calculating wing taper ratio
taper_ratio_w = ct_w/cr_w; % [in/in]
% wing chord vs span equation
cy_w = @(y) cr_w - (2*cr_w/b_w)*(taper_ratio_w - 1)*y; % [in]
% wing reference area
S_w = (b_w/2)*cr_w*(1 + taper_ratio_w); % [in^2]
% wing aspect ratio
AR_w = 2*b_w/(cr_w*(1 + taper_ratio_w)); % [in^2/in^2]
% wing mean aerodynamic chord
cbar_w = (2/3)*cr_w*(1 + taper_ratio_w + taper_ratio_w^2)/(1 + taper_ratio_w); % [in]
% wing mean aerodynamic chord spanwise location
ymac_w = (b_w/6)*(1 + 2*taper_ratio_w)/(1 + taper_ratio_w); % [in]
% wing half chord sweep angle
Ac2_w = atan(tan(ALE_w) - ((cr_w - ct_w)/b_w)); % [rad]
% wing quarter chord sweep angle
Ac4_w = atan(tan(ALE_w) - ((cr_w - ct_w)/(2*b_w))); % [rad]
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% wing theoretical sectional lift curve slope
a0_th_w = fig3_13a(thickness_ratio_w); %[/rad]
%% CL_alpha_w Calculations
%
PhiTE_p_w = PhiTE_w;
a0_a0_th_w = fig3_13b(tan(0.5*PhiTE_p_w));
%
M = V_ss/(1113.5823*12); % [in/s]/[ft/s --> in/s]
Beta = (1 - M^2)^(1/2);
a0_w = (1.05/Beta)*a0_a0_th_w*a0_th_w;
k_w = a0_w/(2*pi);
CLa_w = (2*pi*AR_w)/(2 + sqrt(((AR_w^2*Beta^2)/k_w^2)*(1 + (tan(Ac2_w)^2)/Beta^2) +
4));
%% Horizontal Tail Geometry Calculations
% chord equation from 0 <= y <= 4
cy_1 = @(y) 10;
% integral equation of c(y) for 0 <= y <= 4
cy_1_int = @(y) 10*y;
% integral equation of c^2(y) for 0 <= y <= 4
cy_1_squared_int = @(y) 100*y;
% integral equation of c(y)*y for 0 <= y <= 4
cy_1_y_int = @(y) 5*y^2;
% slope of chord equation for 4 < y <= 12.5
m_2 = ((cr_t-ct_t)/(4-(b_t/2)));
% y_intercept of chord equation for 4 < y <= 12.5
y_intercept_2 = (m_2*(-(b_t/2))+4);
% chord equation for 4 < y <= 12.5
cy_2 = @(y) m_2*y + y_intercept_2;
% integral equation of c(y) for 4 < y <= 12.5
cy_2_int = @(y) (m_2/2)*y^2 + (m_2*(-(b_t/2))+4)*y;
% integral equation of c^2(y) for 4 < y <= 12.5
cy_2_squared_int = @(y) (y_intercept_2^2)*y + y_intercept_2*m_2*y^2 +
(1/3)*(m_2^2)*y^3;
% integral equation of c(y)*y for 4 < y <= 12.5
cy_2_y_int = @(y) (y_intercept_2/2)*y^2 + (m_2/3)*y^3;
% horizontal tail reference area
S_t = 2*((cy_1_int(4)-cy_1_int(0)) + (cy_2_int(b_t/2) - cy_2_int(4))); % [in^2]
% horizontal tail aspect ratio
AR_t = (b_t^2)/S_t; % [in/in]
% horiztonal tail mean aerodynamic chord
cbar_t = (2/S_t)*((cy_1_squared_int(4)-cy_1_squared_int(0)) +
(cy_2_squared_int(b_t/2) - cy_2_squared_int(4))); % [in]
% horizontal tail mean aerodynamic chord location
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ymac_t = (2/S_t)*((cy_1_y_int(4)-cy_1_y_int(0)) + (cy_2_y_int(12.5) cy_2_y_int(4))); % [in]
% total horizontal tail ratio found by weighted taper ratios of the
% horizontal tail ratios by their area vs. the total horizontal tail area
taper_ratio_t = (ct_t/cr_t)*(S_t-8*10)/S_t + (cr_t/cr_t)*(8*10)/S_t; % [in/in]
% horizontal tail leading edge sweep angle for 4 < y <= 12.5
ALE_t = atan((cr_t - ct_t)/((b_t/2) - 4)); % [rad]
% horizontal tail half chord sweep angle for 4 < y <= 12.5
Ac2_t = atan(tan(ALE_t) - ((cr_t - ct_t)/(b_t - 8))); %[rad]
% horizontal tail quarter chord sweep angle for 4 < y <= 12.5
Ac4_t = atan(tan(ALE_t) - ((cr_t - ct_t)/(2*(b_t - 8)))); %[rad]
% wing theoretical sectional lift curve slope
a0_th_t = fig3_13a(thickness_ratio_t); %[/rad]
% distance from wing TE to horizontal tail aerodynamic center (xac_t = assumed to be
1/4 of mean aerodynamic chord)
l_h = 3.25 + 8.75 + (cr_t - cbar_t + (cbar_t/4)); % [in]
%% CL_alpha_t Calculations
PhiTE_p_t = PhiTE_t;
a0_a0_th_t = fig3_13b(tan(0.5*PhiTE_p_t));
a0_t = (1.05/Beta)*a0_a0_th_t*a0_th_t;
k_t = a0_t/(2*pi);
CLa_t = (2*pi*AR_t)/(2 + sqrt(((AR_t^2*Beta^2)/k_t^2)*(1 + (tan(Ac2_t)^2)/Beta^2) +
4));
%% Exposed Wing Calculations
b_e = b_w - bf_body; % exposed wing span [in]
cr_e = cf_w; % exposed wing root chord [in]
ct_e = ct_w; % exposed wing tip chord [in]
taper_ratio_e = ct_e/cr_e; % exposed wing taper ratio [in/in]
S_e = cr_e*(b_e/2)*(1 + taper_ratio_e); % exposed wing reference area [in^2]
cbar_e = (2/3)*cr_e*(1 + taper_ratio_e + taper_ratio_e^2)/(1 + taper_ratio_e); %
exposed wing mean aerodynamic chord [in]
ymac_e = (b_e/6)*(1 + 2*taper_ratio_e)/(1 + taper_ratio_e); % exposed wing spanwise
mean aerodynamic chord location [in]
AR_e = 2*b_e/(cr_e*(1 + taper_ratio_e)); % exposed wing aspect ratio
k_e = k_w;
Ac2_e = Ac2_w; % exposed wing half-chord sweep angle [rad]
CLa_e = 2*pi*AR_e/(2 + sqrt(((AR_e^2)*(Beta^2)/(k_e^2))*(1 + (tan(Ac2_e^2)/Beta^2)) +
4)); % exposed wing lift-curve slope [/rad]
xac_e = 0.25*cbar_e + cbar_w - cbar_e; % exposed wing aerodynamic center location
measured from theoretical wing leading edge [in]
xcg_le = xcg_tip - lf_wing_body_intersect; % aircraft center of gravity location
measured from exposed wing leading edge [in]
x_bar = xac_e - xcg_le; % distance from exposed wing ac to aircraft cg (positive if
ac is aft of cg) [in]
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Ac4_e = Ac4_w; % exposed wing quarter-chord sweep angle [rad]
tc_e = tc_w; % exposed wing thickness ratio [in/in]
a0th_e = fig3_13a(tc_e); % exposed wing theoretical sectional lift-curve slope [/rad]
PhiTE_e = PhiTE_w; % exposed wing trailing-edge angle
a0_a0th_e = fig3_13b(tan(PhiTE_e/2)); % exposed wing sectional lift-cruve slope
empirical correction factor [unitless]
a0_e = (1.05/sqrt(1 - M^2))*a0_a0th_e*a0th_e; % exposed wing sectional lift-curve
slope [/rad]

%% Aircraft Body Volume and Cross-Sectional Area Calculations
% fuselage sections volume calculations
V_nose = pi*(bf_nose/2)^2*lf_nose; % nose volume [in^3]
V_cockpit = (1/3)*pi*(bf_cockpit_lower^2 + bf_cockpit_lower*bf_cockpit_upper +
bf_cockpit_upper^2)*(lf_cockpit - lf_nose); % cockpit volume [in^3]
V_body = pi*(bf_body/2)^2*(lf_body - lf_cockpit); % body volume [in^3]
V_back = (1/3)*pi*(bf_back_lower^2 + bf_back_lower*bf_back_upper +
bf_back_upper^2)*(lf_total - lf_body); % back volume [in^3]
V_total = V_nose + V_cockpit + V_body + V_back; % aircraft fuselage volume [in^3]
SB_max = pi*(bf_body/2)^2; % fuselage maximum cross-sectional area [in^2]
x_m = xcg_tip; % moment reference point measured from fuselage tip [in]
%% dCm/da Calculations
num_of_sects = 8; % number of sections the fuselage is divided into
% calculating the fuselage thickness of the side closest to the tail of the a/c for
sections 6
bf_section_6 = (8.75/24.5)*(4) + ((24.5 - 8.75)/24.5)*9;
% calculating the fuselage thickness of the side closest to the tail of the a/c for
sections 7
bf_section_7 = (18.75/24.5)*(4) + ((24.5 - 18.75)/24.5)*9;
% vector of fuselage section widths
bf = [4.50 4.50 9 9 9 bf_section_6 bf_section_7 4]; % [in]
k2_k1 = 0.89; % estimated from Fig. 3.6 and fineness ratio = lf_total/max(bf)
CLa_N = 2*k2_k1*SB_max/S_w; % eq. 3.26
k_N = (S_w/S_e)*(CLa_N/CLa_e); % eq. 3.25
k_WB = 0.1714*(max(bf)/b_w)^2 + 0.8326*max(bf)/b_w + 0.9974; % eq. 3.27
k_BW = 0.7810*(max(bf)/b_w)^2 + 1.1976*max(bf)/b_w + 0.0088; % eq. 3.28
CL_a_WB = (k_N + k_WB + k_BW)*CLa_e*(S_e/S_w); % eq. 3.24
% CL_a_WB = 0.0785; % wing-body lift-curve slope
delta_x = [5 12 8 11 3.25 8.75 10 5.75]; % vector fuselage section lengths [in]
% calculating height the horizontal tail's MAC chord is above/below the
% extended chord line of the wing
h_H = ((cr_w - cr_w*0.25) + (cr_t*0.25) + 3.25 + 8.75)*tan(deg2rad(1));
% calculating the slope of the wing downwash vs. AOA
deda = d_epsilon_d_alpha(AR_w, taper_ratio_w, b_w, Ac4_w, h_H, l_h); %0.430431;
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% calling d_Cmf_da_Calc to obtain the value of dCmf/da
[Cmf_a,data_table] = d_Cmf_da_Calc(num_of_sects, delta_x, bf, l_h, CL_a_WB, deda,
S_w, cbar_w);
%% CL_alpha Calculations
% Reynold number (using Re = 10^6 for all calculations)
Re = 10^6;
% airfoil thickness location parameter (L=2.0 for max thickness
L=1.2 for max thickness > 0.3*c_bar
L = 2.0;

<= 0.3*c_bar and

% turbulent flate plate skin-friction coefficient (found from fig3.24)
Cf_w = fig3_24(cbar_w,M,Re);
% sweep angle of wing at point of maximum thickness ratio ((t/c)_max = 0.124)
Atc_w = atan(tan(ALE_w) - 2*(thickness_ratio_w)*(cr_w - ct_w)/b_w); % [rad]
% cosine of sweep angle of wing at (t/c)_max for use in finding R_L,S in fig3.25
cos_A_t_c = cos(Atc_w);
% found using M = 0.0494, cos(A_(t/c)_max), and fig3.25
R_LS = 1.07;
% zero-lift drag coefficient of the wing
CD0_w = Cf_w*(1 + L*(thickness_ratio_w) +
100*(thickness_ratio_w)^4)*R_LS*(2*S_w/S_w);
% parameter used in calculating eta_t
dq_q = 2.42*sqrt(CD0_w)/((l_h/cbar_w)+0.30);
% horiztonal tail efficiency factor
eta_t = 1 - dq_q;
% total lift-curve slope of the aircraft
CLa = CLa_w + eta_t*(S_t/S_w)*CLa_t*(1 - deda); %[/rad]
%% Cm_alpha Calculations
% distance from a.c. of horizontal tail to c.g. of aircraft normalized by c_bar of
the wing
l_t_bar = (l_h + 3.73)/cbar_w; % [in/in]
% location of the c.g. of the aircraft measured from LE of wing as a percentage of
c_bar of wing
xcg_bar = (cbar_w - 3.73)/cbar_w; % [in/in]
% distance between c.g. of aircraft and a.c. of wing normalized by c_bar of wing
xa_bar = xcg_bar - 0.25; % [in/in]
% horizontal tail volume ratio
VH1 = (S_t/S_w)*(l_t_bar);
% slope of moment coefficient vs. AoA the entire aircraft
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Cma = Cmf_a + CLa_w*xa_bar - CLa_t*VH1*eta_t*(1 - deda); %[/rad]
%% N0 and H Calculations
% % fuselage wing-body lift-curve slope in /rad
% CL_a_WB_rad = CL_a_WB*(180/pi); %[/rad]
% slope of moment coefficient vs. lift coefficient for fuselage
dCm_dCL_f = Cmf_a/CL_a_WB;
% neutral point of aircraft measured from LE of wing in % of c_bar of the wing
N0 = 0.25 - dCm_dCL_f + (CLa_t/CLa_w)*(1 - deda)*VH1*eta_t;
% static margin of aircraft (measured in % of c_bar of wing from LE of wing)
H = N0 - xcg_bar;
%% Stability Derivative Calculations
% CL, CD
CL = W/((1/2)*rho*V_ss^2*(S_w/144)); % from steady state equation L=W [unitless]
CD = T_ss/((1/2)*rho*V_ss^2*(S_w/144)); % from stead state equation D=T [unitless]
% CL_alpha, Cm_alpha (from Report 1)
CL_a = CLa; % [/rad]
Cm_a = Cma; % [/rad]
% Cmu,
Cm_u =
CL_u =
CD_u =

CLu,
0; %
0; %
0; %

CDu
M<0.5 [/rad] (from pg. 419-420)
M<0.5 [/rad] (from pg. 419)
M<0.5 [/rad] (from pg. 419)

% CD_alpha_dot, CDq
CD_a_dot = 0; % pg. 410 says we ignore this because it is so small
CD_q = 0; % pg. 410 says we ignore this because it is so small =(
% CD_alpha
lambda_1 = AR_w*taper_ratio_w/cos(ALE_w); % in explanation of eq. 4.479
R = 0.0004*lambda_1^3 - 0.0080*lambda_1^2 + 0.0501*lambda_1 + 0.8642; % eq. 4.479
e = 1.1*CL_a/(R*CL_a + (1 - R)*pi*AR_w); % eq. 4.478
k = 1/(pi*AR_w*e); % in explanation of eq. 4.477
CD_a = 2*k*CL*CL_a; % [/rad]
% CL_q
CLq_t = 2*CLa_t*VH1*eta_t; % eq. 4.486
xbar_e = 0.25*cf_w + (xcg_tip - lf_wing_body_intersect); % eq. 4.491
xi = xbar_e/cbar_e; % eq. 4.490
CLq_e = (0.5 + 2*xi)*CLa_e; % eq. 4.489
CLa_B = 2*k2_k1*SB_max/(V_total^(2/3)); % eq. 4.495
CLa_prime_B = CLa_B*(V_total^(2/3))/SB_max; % eq. 4.494
CLq_B = 2*CLa_prime_B*(1 - xcg_tip/lf_total); % eq. 4.493
CLq_WB = (k_WB + k_BW)*(S_e*cbar_e)*CLq_e/(S_w*cbar_w) +
CLq_B*(SB_max*lf_total)/(S_w*cbar_w); % eq. 4.488
CL_q = CLq_t + CLq_WB; % eq. 4.487
% CL_q = CLq_t; % eq. 4.487
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% Cm_q
Cmq_t = -2*CLa_t*VH1*eta_t*l_t_bar; % eq. 4.500
B_Cmq = sqrt(1 - (0.2^2)*cos(Ac4_e)^2); % eq. 4.510
c1 = (AR_e^3)*tan(Ac4_e)^2; % eq. 4.505
c2 = 3/B_Cmq; % eq. 4.506
c3 = AR_e*B_Cmq + 6*cos(Ac4_e); % eq. 4.507
c4 = AR_e + 6*cos(Ac4_e); % eq. 4.508
c5 = AR_e + 2*cos(Ac4_e); % eq. 4.509
Cmq_e_M02 = -0.7*CLa_w*cos(Ac4_e)*(AR_e*(0.5*xi + 2*xi^2)/c5 + (c1/(24*c4)) + 1/8); %
eq. 4.504
Cmq_e = Cmq_e_M02*((c1/c3) + c2)/((c1/c4) +3); % eq. 4.503
xc = (1/V_total)*(198.80391 + 508.93800 + 39810.48299 + 42885.22374); % eq. 4.514
(integral evaluated by hand)
xc1 = xc/lf_total; % eq. 4.513
xm1 = xcg_tip/lf_total; % eq. 4.513
VB1 = V_total/(SB_max*lf_total); % eq. 4.513
Cma_B = 2*(k2_k1/V_total)*(-370.09335); % eq. 4.516 (integral evaluated by hand)
Cma_p_B = Cma_B*V_total/(SB_max*lf_total); % eq. 4.515
Cmq_B = 2*Cma_p_B*((1 - xm1)^2 - VB1*(xc1 - xm1))/(1 - xm1 - VB1); % eq. 4.512
Cmq_WB = (k_WB + k_BW)*(S_e/S_w)*Cmq_e*(cbar_e/cbar_w)^2 +
Cmq_B*(SB_max/S_w)*(lf_total/cbar_w)^2; % eq. 4.502
Cm_q = Cmq_t + Cmq_WB; % eq. 4.501
% Cm_q = Cmq_t; % eq. 4.501
% CL_alpha_dot
CLa_dot_t = 2*CLa_t*VH1*eta_t*deda; % eq. 4.525
tau_a_dot = Beta*AR_e; % from pg. 432
CLg = -pi*AR_e/(2*Beta^2)*(0.0013*tau_a_dot^4 - 0.0122*tau_a_dot^3 +
0.0317*tau_a_dot^2 + 0.0186*tau_a_dot - 0.0004); % eq. 4.529
CLa_dot_e = 1.5*(xac_e/cbar_e)*CLa_e + 3*CLa; % eq. 4.528
CLa_dot_B = 2*CLa_prime_B*V_total/(SB_max*lf_total); % eq. 4.530
CLa_dot_WB = (k_WB + k_BW)*(S_e*cbar_e/(S_w*cbar_w))*CLa_dot_e +
CLa_dot_B*(SB_max*lf_total/(S_w*cbar_w)); % eq. 4.527
CLa_dot = CLa_dot_t + CLa_dot_WB; % eq. 4.526
% CLa_dot = CLa_dot_t;
% Cm_alpha_dot
Cma_dot_t = -2*CLa_t*VH1*eta_t*deda*l_t_bar; % eq. 4.537
Cm0_g = pi*AR_e/(2*Beta^2)*(0.0008*tau_a_dot^4 - 0.0075*tau_a_dot^3 +
0.0185*tau_a_dot^2 + 0.0128*tau_a_dot - 0.0003); % eq. 4.542
Cma_dot_pp_e = -(81/32)*CLa_e*(xac_e/cr_e)^2 + (9/2)*Cm0_g; % eq. 4.541
Cma_dot_e = Cma_dot_pp_e + (xcg_le/cbar_e)*CLa_dot_e; % eq. 4.540
Cma_dot_B = 2*Cma_p_B*((xc1 - xm1)/(1 - xm1 - VB1))*V_total/(SB_max*lf_total); % eq.
4.543
Cma_dot_WB = (k_WB + k_BW)*(S_e/S_w)*Cma_dot_e*(cbar_e/cbar_w)^2 +
Cma_dot_B*(SB_max/S_w)*(lf_total/cbar_w)^2; % eq. 4.539
Cm_a_dot = Cma_dot_t + Cma_dot_WB; % eq. 4.538
% Cm_a_dot = Cma_dot_t; % eq. 4.538
% Cm_delta_e
y0 = (b_t/2)-1.5;
yi = y0-7;
eta_0 = 2*y0/b_t;
eta_i = 2*yi/b_t;
K_b_0 = fig3_36(eta_0,taper_ratio_t);
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K_b_i = fig3_36(eta_i,taper_ratio_t);
K_b = K_b_0 - K_b_i;
cf_c = 1.25/cbar_t;
alpha_d_CL_alpha_d_Cl = fig3_35(cf_c,AR_w);
Cl_d_theory = fig3_37_a(cf_c,tc_t);
Cl_d_Cl_d_theory = fig3_37_b(cf_c,fig3_13b(tan(0.5*PhiTE_t)));
Cl_delta = Cl_d_theory*Cl_d_Cl_d_theory;
tau_de = (Cl_delta/a0_t)*alpha_d_CL_alpha_d_Cl*K_b;
Cm_de = -CLa_t*VH1*eta_t*tau_de; % eq. 3.103
% CL_delta_e
CL_de = -Cm_de/(xcg_bar - N0);
% CD_delta_e
CD_de = CD_a*(1/CL_a)*(CL_de);
%% Calculating Secondary Stability Derivatives
Cx_u = -2*CD - CD_u;
Cx_theta = -CL*cos(theta_0); %-CL
Cz_u = -2*CL - CL_u;
Cz_theta = -CL*sin(theta_0); %0;
Cx_a = CL - CD_a;
Cz_a = -CL_a - CD;
Cx_a_dot = -CD_a_dot;
Cx_q = -CD_q;
Cz_a_dot = -CLa_dot;
Cz_q = -CL_q;
Cx_de = -CD_de;
Cz_de = -CL_de;
%% Calculating UAV State-Space Matrix
% V_ss = V_ss*12; % convert V_ss from ft to in
% rho = rho/(12^3); % converting rho from slug/ft^3 to slug/in^3
% Iyy = Iyy*(12^2); % converting Iyy from slug*ft^2 to slug*in^2
% defining terms to be used in the calculation of the State-Space Matrix
m1 = 2*m/(rho*V_ss*S_w); % Eq.(4.421) pg.406
c1 = cbar_w/(2*V_ss); % Eq.(4.420) pg.406
Iy1 = Iyy/(0.5*rho*(V_ss^2)*S_w*cbar_w); %Eq.(4.422) pg.406
xi_1 = Cx_a_dot*c1/(m1 - Cz_a_dot*c1); %Eq.(6.8) pg.587
xi_2 = Cm_a_dot*c1/(m1 - Cz_a_dot*c1); %Eq.(6.9) pg.587
% Calculating terms from the A matrix (pg.587)
a11 = (Cx_u + xi_1*Cz_u)/m1;
a12 = (Cx_a + xi_1*Cz_a)/m1;
a13 = (Cx_q*c1 + xi_1*(m1 + Cz_q*c1))/m1;
a14 = (Cx_theta + xi_1*Cz_theta)/m1;
a21 = Cz_u/(m1 - Cz_a_dot*c1);
a22 = Cz_a/(m1 - Cz_a_dot*c1);
a23 = (m1 + Cz_q*c1)/(m1 - Cz_a_dot*c1);
a24 = Cz_theta/(m1 - Cz_a_dot*c1);
a31 = (Cm_u + xi_2*Cz_u)/Iy1;
a32 = (Cm_a + xi_2*Cz_a)/Iy1;
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a33
a34
a41
a42
a43
a44

=
=
=
=
=
=

(Cm_q*c1 + xi_2*(m1 + Cz_q*c1))/Iy1;
xi_2*Cz_theta/Iy1;
0;
0;
1;
0;

% Calculating terms for the B matrix (pg.587-588)
b1 = (Cx_de + xi_1*Cz_de)/m1;
b2 = Cz_de/(m1 - Cz_a_dot*c1);
b3 = (Cm_de + xi_2*Cz_de)/Iy1;
b4 = 0;
% Definining A anb B matrices using the elements calculated above
A = [a11 a12 a13 a14; a21 a22 a23 a24; a31 a32 a33 a34; a41 a42 a43 a44];
B = [b1; b2; b3; b4];
% Note that order of states is [velocity, AoA, pitch rate, pitch]
% Defining C and D matrices for Pitch Response being desired
C = eye(4);
D = zeros(4,1);
% creating state-space model variable of UAV
UAV_ss = ss(A,B,C,D);

Appendix 14: MATLAB code to generate values from Figure 3.13a in [2] created by Dr. Richard Tantaris.
%
%
%
%
%
%
%
%
%
%
%
%
%
%

fig3_13a - Calculate y = (a_0)_theory given thickness ratio x = t/c
Syntax:

y = fig3_13a() - generates a plot
y = fig3_13a(x) - general form

where
y = (a_0)_theory
x = thickness ratio, t/c
R. N. Tantaris
Created 20Jan2017
For MAE 480/580, Aircraft Stability and Control
University of Alabama in Huntsville

function [y] = fig3_13a(x)
b = 6.3; % y intercept
m = (7.3-6.3)/0.2; % slope
if (nargin == 0)
x = 0:0.001:0.2;
y1 = m*x+b;
figure
plot(x,y1)
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axis([0 0.2 6.2 7.4])
grid
title('Figure 3.13 (a) - Theoretical sectional lift-curve slope')
xlabel('Wing Thickness Ration (t/c)')
ylabel('(a_0)_{theory} [/rad]')
elseif (nargin == 1)
if (x < 0)
error('Wing thickness ratio cannot be less than zero.')
elseif (x > 0.2)
warndlg('Wing thickness ratios > 0.2 may not produce correct results')
end
y = m*x+b;
else
error('Function requires 0 or 1 arguments')
end

Appendix 15: MATLAB code to generate values from Figure 3.13b in [2] created by Dr. Richard Tantaris.
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

fig3_13b - Calculate empirical correction factor
Calculate the empirical correction factor, a_0 / (a_0)_theory for the
theoretical lift curve slope (a_0)_theory given the trailing edge
included angle Phi_TE_prime and the Reynolds number.
Syntax:

y = fig3_13b()
- generates a plot
y = fig3_13b(x)
- uses Re = 10^6
y = fig3_13b(x,Re) - general form

where
y = empirical correction factor, a_0 / (a_0)_theory
x = tangent of half the trailing edge included angle, tan(Phi_TE/2).
Re = Reynolds number (must be between 10^6 and 10^7)
R. N. Tantaris
Created 20Jan2017
For MAE 480/580, Aircraft Stability and Control
University of Alabama in Huntsville

function [y] = fig3_13b(x,Re)

% For Re = 10^6
b6 = 0.9; % y intercept
m6 = (b6-0.6846)/(-0.20);
%
a0
a1
a2

%

slope

For Re = 10^7
= 0.9498;
= -0.5933;
= -1.2836;

if (nargin == 0)
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x
= 0:0.001:0.2;
y6 = m6*x + b6;
y7 = a0 + a1*x + a2*(x.^2);
figure
plot(x,y6,'b',x,y7,'r--')
axis([0 0.2 0.7 1])
grid
title('Figure 3.13 (b) - Empirical Correction Factor')
xlabel('tan((1/2)*\Phi^{''}_{TE}) [rad]')
ylabel({'a_0','-------------','(a_0)_{theory}'})
legend('Re = 10^6','Re = 10^7')
elseif (nargin == 1)||(nargin == 2)
if (nargin == 1)
Re = 10^6;
fprintf('\n\n
Using the default value of Re = 10^6\n')
end
%
%
%

Phi_TE = x;
x = tan(Phi_TE/2);
fprintf('Tan(Phi_TE/2) = %6.4f\n',x)

if ( (x < 0) || (x > 0.2) )
error('The trailing edge included angle must be between 0 and 22.6198°
(0.3947 rad)')
end
% For Re = 10^6
y6 = m6*x + b6;
% For Re = 10^7
y7 = a0 + a1*x + a2*(x^2);
if ((Re < 10^6)||(Re > 10^7))
error('Re must be between 10^6 and 10^7')
elseif (Re == 10^6)
y = y6;
elseif (Re == 10^7)
y = y7;
else
% Logorithmic interpolation
disp('Logorithmically interpolating between Re = 10^6 and 10^7')
z = (log10(10^7) - log10(Re)) / (log10(Re) - log10(10^6));
y = (y7 + z*y6)/(z+1);
end
else
error('This function requires 0, 1, or 2 arguments')
end

Appendix 16: MATLAB code to generate values from Figure 3.24 in [2] created by Dr. Richard Tantaris.
%
%

fig3_24 - Calculate the flat plate skin-friction coefficient
Calculates the wing skin friction coefficient given the mean aerodynamic
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%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

chord, Mach number and Reynolds number
Syntax:
fig3_24
Cf = fig3_24(wingCbar,M)
Cf = fig3_24(wingCbar,M,Re)
Cf = fig3_24(wingCbar,M,vel,kinVisc)
Input:
wingCbar - mean aerodynamic chord of the wing [ft]
M
- Mach number for the flow at the wing
Re
- Reynolds number
vel
- steady state velocity at the wing [ft/s]
kinVisc - kinematic viscocity of the air [ft/s^2]
Output:
C_f,w - skin coefficient for the wing
Description:
If no output and input are specified, the function generates Figure 3.24 in
the text ("Performance, Stability, Dynamics, and Control of Airplanes", B.
Pamadi, Third Edition, p.209).
If the velocity and kinematic viscosity are not specified, Cf is calculated
with a Reynolds number of 10^6.
This function finds the skin friction coefficient for a flat plate given the
Reynolds and Mach numbers of the flow for at the wing. The function assumes
aerodynamically smooth surface for surface roughness parameter and a
turbulent flow. The Re cutoff value calculated in the code is an adjustment
to the skin friction coefficient for real world applications. Since we
assume that the surface is aerodynamically smooth, it will not factor into
the computations done for MAE 480 but was left in for completeness.

function [varargout] = fig3_24(wingCbar,wingM,varargin)
% Created by: Michael Allison
% Date: 2/7/2017
% MAE 480, Aircraft Stability and Control
% University of Alabama in Huntsville
% Other sources: "Drag Prediction" http://www.fzt.haw-hamburg.de/pers/...
% Scholz/HOOU/AircraftDesign_13_Drag.pdf; "USAF STABILITY AND CONTROL
% DATCOM, Report #: AFWAL-TR-83-3048, Sept 1977
if (nargout > 1)
error('Invalid number of output arguments:
end

must be 1 or 0 (for plot).')

if (nargout == 1) & (nargin < 2)
error('At least two input arguments must be specified to calculate Cf')
end
if (nargin == 0) & (nargout == 0)
% This section generates the representation of Figure 3.24
R = logspace(5,9);
% Re from 10^5 to 10^9
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Mach = [0 0.3 0.7 0.9 1 1.5 2 2.5 3];
LineSpecs = ['brgbmckrg'; '-----....'; '.....::::']';
for k = 1:length(Mach)
M = Mach(k);
C_fw(k,:) = 0.469./((log10(R)).^2.57*(1+0.144*M.^2)^0.64);
semilogx(R,C_fw(k,:),LineSpecs(k,:))
if (~ishold)
hold on
end
end
hold off
grid
axis([10^5 10^9 0 0.0055])
legend('M=0','0.3','0.7','0.9','1.0','1.5','2.0','2.5','3.0',...
'Location','NorthEast')
title('Figure 3.24 Flat Plate Skin Friction Coefficient')
xlabel('Reynolds Number, R')
ylabel('C_f')
set(gca,'YTick',0.001:0.001:0.005)
set(gca,'YTickLabel',['0.001';'0.002';'0.003';'0.004';'0.005'])
elseif nargin == 2
% This section calculates a particular C_f,w value for Re =10^6
fprintf('C_fw calculated using Reynolds number = 10^6')
Re = 10^6;
M
= wingM;
varargout{1} = 0.469/((log10(Re))^2.57*...
(1+0.144*M^2)^0.64);
% Final calculated C_fw
elseif (nargin == 3)
% This section calculates a particular C_f,w value for user specified Re
M
= wingM;
Re = varargin{1};
varargout{1} = 0.469/((log10(Re))^2.57*...
(1+0.144*M^2)^0.64);
% Final calculated C_fw
fprintf('C_fw calculated using Reynolds number = %e\n',Re)
elseif (nargin == 4)
% This section calculates a particular C_f,w value for Reynold's number
% adjusted for changes in the skin friction coefficient due to surfaces with
% high k values or small chords.
charLength = wingCbar;
% mac used for wing
k = 0;
% roughness parameter
Re = varargin{1}*wingCbar/varargin{2}; % Reynolds number for ref length
M = wingM;
% Re_cutoff is calculated to adjust for changes in the skin friction
% coefficient due to surfaces with high k values or small chords.
if (M < 0.9)
Re_cutoff = 38.21*(charLength/k)^1.053;
if Re > Re_cutoff
Re = Re_cutoff;
end
elseif (M >= 0.9)
Re_cutoff = 44.62*(charLength/k)^1.053*M^1.16;
if Re > Re_cutoff
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Re = Re_cutoff;
end
end
fprintf('C_fw calculated using Reynolds number = %e\n',Re)
varargout{1} = 0.469/((log10(Re))^2.57*...
(1+0.144*M^2)^0.64);
% Final calculated C_fw
else
error('Invalid number of input arguments:

must be 0, 2, 3, or 4.')

end

Appendix 17: MATLAB code to generate values from Figure 3.36 in [2] created by Dr. Richard Tantaris.
function

K_b = fig3_36(nu,lamda)

if (nu < 0.0)
nu = 0.0;
elseif (nu > 1.0)
nu = 1.0;
end
if (lamda < 0.0)
lamda = 0.0;
elseif (lamda > 1.0)
lamda = 1.0;
end
K_b = -0.1786*nu^3 - 0.4107*nu^2 + 1.5893*nu + 0.0000;
K_b =(1-lamda)*K_b;
K_b = K_b + lamda*(-0.3274*nu^3 + 0.0804*nu^2 + 1.2470*nu + 0.0000);
end

Appendix 18: MATLAB code to generate values from Figure 3.35 in [2] created by Dr. Richard Tantaris.
function

adCLadcl = fig3_35(cfc,AW)

if (cfc < 0.0)
cfc = 0.0;
elseif (cfc > 0.8)
cfc = 0.8;
end
ADCL =
INTER1
INTER2
INTER3
INTER4

-3.4375*cfc^3 + 5.8482*cfc^2
= -0.0022*AW^3 + 0.0515*AW^2
= -0.0012*AW^3 + 0.0275*AW^2
= -0.0007*AW^3 + 0.0138*AW^2
= 1.0;

-

3.7036*cfc - 0.0031;
0.4171*AW + 2.4379;
0.2141*AW + 1.6979;
0.0913*AW + 1.2282;

if (ADCL <= -0.7)
adCLadcl = ((INTER4-INTER3)/(-1.0+0.7))*(ADCL+0.7) + INTER3;
elseif (ADCL <= -0.3)
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adCLadcl = ((INTER3-INTER2)/(-0.7+0.3))*(ADCL+0.3) + INTER2;
elseif (ADCL <= -0.1)
adCLadcl = ((INTER2-INTER1)/(-0.3+0.1))*(ADCL+0.1) + INTER1;
else
adCLadcl = INTER1;
end
end

Appendix 19: MATLAB code to generate values from Figure 3.37a in [2] created by Dr. Richard Tantaris.
function

cld_theory = fig3_37_a(cfc,tc)

if (cfc < 0.05)
cfc = 0.05;
elseif (cfc > 0.5)
cfc = 0.5;
end
INTER1 = 23.4921*cfc^3 - 30.4127*cfc^2 + 19.3190*cfc + 0.9071;
INTER2 = 20.0000*cfc^3 - 27.3333*cfc^2 + 16.8167*cfc + 1.0250;
if (tc >= 0.15)
cld_theory = INTER1;
elseif (tc >= 0.0)
cld_theory = ((INTER2-INTER1)/(0.0-0.15))*(tc-0.15) + INTER1;
else
cld_theory = INTER2;
end
end

Appendix 20: MATLAB code to generate values from Figure 3.37b in [2] created by Dr. Richard Tantaris.
function

cld_cld_theory = fig3_37_b(cfc,ao_aotheory)

if (cfc < 0.05)
cfc = 0.05;
elseif (cfc > 0.5)
cfc = 0.5;
end
INTER1 = 0.5397*cfc^3 - 0.5365*cfc^2 + 0.1898*cfc + 0.9018;
INTER2 = 1.1746*cfc^3 - 1.1873*cfc^2 + 0.7493*cfc + 0.3540;

if (ao_aotheory >= 0.96)
cld_cld_theory = INTER1;
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elseif (ao_aotheory >= 0.70)
cld_cld_theory = ((INTER2-INTER1)/(0.70-0.96))*(ao_aotheory-0.96) +
INTER1;
else
cld_cld_theory = INTER2;
end
end
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